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Abstract: In recent years, there has seen much interest and increased research activities 
on Perelman’s paper. Section one and two of this paper aim to establish Perelman’s local 
non-collapsing result for the Ricci flow. This will provide a positive lower bound on the 
injectivity radius for the Ricci flow under blow-up analysis. We also discuss the gradient 
flow formalism of the Ricci flow and Perelman’s motivation from physics. In this paper, 
we survey some of the recent progress on Perelman’s functional, reduced volume and 
reduced length.                                                                                                                        
 
1. Two functional ऐ ܉ܖ܌ ड of Perelman 
 
In this section, we introduce two functional of Perelman ࣠ and ࣱ, and discuss their relations 
with the Ricci flow. The functional ࣠ can be found in the literature on the String Theory, where it 
describes the flow energy effective action. It was not known whether the Ricci flow is a gradient 
flow until Perlman showed that the Ricci flow is, in a certain sense, the gradient flow of the 
functional ࣠. In the theory of dynamical systems we can take the two functional ࣠ and ࣱ as a 
Lyapunov type. 
 
 The ऐ െfunctional 
 
Let ࣧdenote the space of smooth Riemannian metrics ݃ on ܯ. We think of ࣧ formally as an 
infinite-dimensional manifold. Also ܯ is closed manifold and the tangent space ௚ܶܯ consists of 
the symmetric covariant 2-tensorsݒ௜௝ on ܯ. ݂ is a function ݂ ׷  ܯ ՜  ܴ .Let ݀ݒ denote the 
Riemannian volume density associated to a metric ݃. The functional ࣠ ׷ ࣧ ൈ ܥ∞ሺܯሻ ՜ ܴ is 
given by  
࣠ሺ݃, ݂ሻ ൌ න ሺܴ ൅ |ߘ݂|ଶሻ݁ି௙ܸ݀
ெ
 
Given ݒ௜௝ א ௚ܶܯ and ݄ ൌ ߜ݂.The evaluation of the differential ݀࣠ on ሺߥ௜௝, ݄ሻ is written 
ܽݏ ߜ࣠ሺߥ௜௝, ݄ሻ. put ݒ ൌ ݃௜௝ݒ௜௝. 
 
Theorem1.1 (Perelman) we have  
ߜ࣠൫ߥ௜௝, ݄൯ ൌ ׬ ݁ି௙ ቂെݒ௜௝൫ܴ௜௝ ൅ ߘ௜ߘ௝݂൯ ൅ ቀ
௩
ଶ
െ ݄ቁ ሺ2∆݂ െ |ߘ݂|ଶ ൅ ܴሻቃ ܸ݀ெ   (1.1) 
 Proof. First we prove ߜܴ ൌ െ߂ݒ ൅ ߘ௜ߘ௝ݒ௜௝ െ ܴ௜௝ݒ௜௝ .In any normal coordinates at a fixed point, 
we have  
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డ
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Therefore  
ߜܴ ൌ ߜ൫݃௜௟ ௝ܴ௟൯ ൌ െݒ௝௟ ௝ܴ௟ ൅ ݃௝௟ߜ ௝ܴ௟ ൌ െݒ௝௟ ௝ܴ௟ ൅
1
2
߲
߲ݔ௜ ൣߘ
௟ݒ௟௜ ൅ ߘ௟ݒ௜௟ െ ߘ௜ݒ൧ െ
1
2
߲
߲ݔ௝ ൣߘ
௝ݒ൧     
ൌ െݒ௝௟ ௝ܴ௟ ൅ ߘ௜ߘ௟ݒ௜௟ െ ∆ݒ 
as |ߘ݂|ଶ ൌ ݃௜௝ߘ௜݂ߘ௝݂ 
We have ߜ|ߘ݂|ଶ ൌ െݒ௜௝ߘ௜݂ߘ௝݂ ൅ 2ۃߘ݂, ߘ݄ۄ, as ܸ݀ ൌ ඥ݀݁ݐ ሺ݃ሻ ݀ݔଵ … ݀ݔ௡ , we have ߜሺܸ݀ሻ ൌ
௩
ଶ
ܸ݀ ,so  
ߜሺ݁ି௙ܸ݀ሻ ൌ ቀ௩
ଶ
െ ݄ቁ ݁ି௙ܸ݀  (1.2) 
Putting this together gives  
ߜ࣠ ൌ ׬ ݁ି௙ ቂെ∆ݒ ൅ ߘ௜ߘ௝ݒ௜௝ െ ܴ௜௝ݒ௜௝ െ ݒ௜௝ߘ௜݂ߘ௝݂ ൅ 2ۃߘ݂, ߘ݄ۄ ൅ ሺܴ ൅ |ߘ݂|ଶሻ ቀ
௩
ଶ
െ ݄ቁቃ ܸ݀ெ                               
(1.3) 
The goal now is to rewrite the right-hand side of (1.3) so that ݒ௜௝ and ݄ appear algebraically, i.e. 
without derivatives .as  
∆݁ି௙ ൌ ሺ|ߘ݂|ଶ െ ∆݂ሻ݁ି௙ 
we have 
න ݁ି௙ሾെ∆ݒሿܸ݀ ൌ െ න ሺ∆݁ି௙ሻݒܸ݀ ൌ න ݁ି௙ሺ∆݂ െ |ߘ݂|ଶሻݒܸ݀
ெெெ
 
next  
න ݁ି௙ߘ௜ߘ௝ݒ௜௝ܸ݀ ൌ
ெ
න ൫ߘ௜ߘ௝݁ି௙൯
ெ
ݒ௜௝ܸ݀ 
ൌ െ න ߘ௜൫݁ି௙ߘ௝݂൯ݒ௜௝ܸ݀ ൌ න ݁ି௙൫ߘ௜݂ߘ௝݂ െ ߘ௜ߘ௝݂൯ݒ௜௝ܸ݀
ெெ
 
finally  
      2 ׬ ݁ି௙ۃߘ݂, ߘ݄ۄெ ܸ݀ ൌ െ2 ׬ ۃߘ݁
ି௙, ߘ݄ۄெ ܸ݀ ൌ 2 ׬ ሺ∆݁
ି௙ሻ݄ܸ݀ ൌ 2 ׬ ݁ି௙ሺ|ߘ݂|ଶ െெெ
       ∆݂ሻ݄ܸ݀          
then  
ߜ࣠ ൌ න ݁ି௙ ቂቀ
ݒ
2 െ ݄ቁ
ሺ2∆݂ െ 2|ߘ݂|ଶሻ െ ݒ௜௝൫ܴ௜௝ ൅ ߘ௜ߘ௝݂൯ ൅ ቀ
ݒ
2 െ ݄ቁ
ሺܴ ൅ |ߘ݂|ଶሻቃ ܸ݀
ெ
 
            ൌ ׬ ݁ି௙ ቂെݒ௜௝൫ܴ௜௝ ൅ ߘ௜ߘ௝݂൯ ൅ ቀ
௩
ଶ
െ ݄ቁ ሺ2∆݂ െ |ߘ݂|ଶ ൅ ܴሻቃ ܸ݀ெ  
So proof is complete ■ 
 
Remark 1.1(see [4-5]) notice that 
 
1)  the functional ࣠ is invariant under diffeomorphism i.e. ࣠ሺܯ, ߶כ݃, ݂݋߶ሻ ൌ ࣠ሺܯ, ݃, ߶ሻ for 
any diffeomorphisms ߶  
2) Also for any ܿ ൐ 0 and b, ࣠ሺܯ, ܿଶ݃, ݂ ൅ ܾሻ ൌ ܿ௡ିଶ݁ି௕࣠ሺܯ, ݃, ݂ሻ. 
 
Example: Let ሺܯ, ݃ሻ be Euclidean space ܯ ൌ ܴ௡and let  
݂ሺݐ, ݔሻ ൌ
|ݔ|ଶ
4ܶ
൅
݊
2
݈݋݃4ߨܶ ൌ െ݈݋݃ ቈሺ4ߨܶሻ
ି௡
ଶ ݁
ି|௫|మ
ସ் ቉ 
Where ߬ ൌ ݐ଴ െ ݐ, notice that ݁ି௙݀ݔ is the Gaussian measure, which solves the backward heat 
equation .If ݐ ൏ ݐ଴ .This choice of ݃ and ݂ satisfy the equations  
߲݃
߲ݐ ൌ െ2ܴܿ
ሺ݃ሻ 
                                                                  డ௙
డ௧
ൌ െ∆݂ െ ܴ ൅ |ߘ݂|ଶ 
we can check 
߲݂
߲ݐ ൌ
߲
߲ݐ ቈ
|ݔ|ଶ
4ܶ ൅
݊
2 ݈݋݃4ߨܶ቉ ൌ
|ݔ|ଶ
4ܶଶ െ
݊
2ܶ 
and  
ߘ݂ ൌ
ݔ
2ܶ 
so |ߘ݂|ଶ ൌ |௫|
మ
ସ்మ
 and ∆݂ ൌ ௡
ଶ்
. 
also because we know ׬ ݁
ష|ೣ|మ
ర೅
ோ೙ ܸ݀ ൌ ሺ4ߨܶሻ
೙
మ. By differentiating with respect to ߬ gives  
׬
|௫|మ
ସ்మ
݁
ష|ೣ|మ
ర೅
ோ೙ ܸ݀ ൌ ሺ4ߨܶሻ
೙
మ
௡
ଶ்
. 
so  
න |ߘ݂|ଶ݁ି௙݀ݒ ൌ
ோ೙
݊
2ܶ 
Then ࣠ሺݐሻ ൌ ௡
ଶ்
ൌ ௡
ଶሺ௧బି௧ሻ
.In particular, this is non-decreasing as a function of ݐ א ሾ0, ݐ଴ሻ ■  
Theorem1.2 let ݃௜௝ and ݂ሺݐሻ evolve according to the coupled flow  
߲݃௜௝
߲ݐ ൌ െ2ܴ௜௝ 
                                                                      డ௙
డ௧
ൌ െ∆݂ െ ܴ ൅ |ߘ݂|ଶ 
Then ׬ ݁ି௙ܸ݀ெ  is constant.   
Proof .By applying the chain rule we have  
߲
߲ݐ ܸ݀ ൌ
߲
߲ݐ ට݀݁ݐ݃௜௝݀ݔ
ଵ ר ݀ݔଶ ר … ר ݀ݔ௡ 
                                                          ൌ
1
2ඥ݀݁ݐ݃௜௝
݃௜௝൫െ2ܴ௜௝൯݀݁ݐ݃݀ݔଵ ר ݀ݔଶ ר … ר ݀ݔ௡ ൌ െܴܸ݀ 
because we have ௗ
ௗ௧
݀݁ݐܣ ൌ ሺܣିଵሻ௜௝ ቀௗ஺೔ೕ
ௗ௧
ቁ ݀݁ݐܣ 
hence  
݀
݀ݐ
ሺ݁ି௙ܸ݀ሻ ൌ ݁ି௙ ൬െ
߲݂
߲ݐ
െ ܴ൰ ܸ݀ ൌ ሺ∆݂ െ |ߘ݂|ଶሻ݁ି௙ܸ݀ ൌ െ∆ሺ݁ି௙ሻܸ݀ 
because ∆ሺ݁ି௙ሻ ൌ ሺ|ߘ݂|ଶ െ ∆݂ሻ݁ି௙. 
So it then follows that  
݀
݀ݐ
න ݁ି௙ܸ݀ ൌ െ න ∆ሺ݁ି௙ሻܸ݀
ெெ
 
Because ܯ is closed manifold according to divergence theorem  
න ∆ሺ݁ି௙ሻܸ݀ ൌ
ெ
0 
So this finishes the proof of the theorem ■ 
we would like to get rid of the ቀ௩
ଶ
െ ݄ቁ ሺ2∆݂ െ |ߘ݂|ଶ ൅ ܴሻ term in (1.1) . We can do this by 
restricting our variations so that ௩
ଶ
െ ݄ ൌ 0 .From (1.2), this amounts to assuming that 
assuming ݁ି௙ܸ݀ is fixed. We now fix a smooth measure ݀݉ on ܯ and relate f to ݃ by requiring 
that ݁ି௙ܸ݀ ൌ ݀݉ . Equivalently, we define a section ݏ ׷  ࣧ ՜  ࣧ ൈ ܥ∞ሺܯሻby ݏሺ݃ሻ ൌ
൬݃, ݈݊ ቀ ௗ௏
ௗ௠
ቁ൰. Then the composition  ࣠௠ ൌ ࣠݋ݏ is a function on ࣧ and its deferential is given 
by 
݀࣠௠൫ݒ௜௝൯ ൌ ׬ ݁ି௙ൣെݒ௜௝൫ܴ௜௝ ൅ ߘ௜ߘ௝݂൯൧ܸ݀ெ   (1.4) 
Defining a formal Riemannian metric on ࣧ by  
ۃݒ௜௝, ݒ௜௝ۄ௚ ൌ
1
2 න ݒ
௜௝ݒ௜௝݀݉
ெ
 
The gradient flow of ࣠௠on ࣧ is given by  
డ
డ௧
݃௜௝ ൌ െ2൫ܴ௜௝ ൅ ߘ௜ߘ௝݂൯    (1.5) 
The induced flow equation for ݂ is  
߲݂
߲ݐ ൌ
1
2 ݃
௜௝ ߲
߲ݐ ݃௜௝ ൌ െ∆݂ െ ܴ 
As with any gradient flow, the function ࣠௠ is non-decreasing along the flow line with its 
derivative being given by the length squared of the gradient, i.e.  
߲
߲ݐ ࣠
௠ ൌ 2 න หܴ௜௝ ൅ ߘ௜ߘ௝݂ห
ଶ
ெ
݀݉ 
We can check that if ݃௜௝ሺݐሻ and ݂ሺݐሻ evolve according to the coupled flow  
ቐ
డ௚೔ೕ
డ௧
ൌ െ2ܴ௜௝                   
డ௙
డ௧
ൌ െ∆݂ ൅ |ߘ݂|ଶ െ ܴ
   (1.7) 
Then ௗ
ௗ௧
࣠൫݃௜௝ሺݐሻ, ݂ሺݐሻ൯ ൌ 2 ׬ หܴ௜௝ ൅ ߘ௜ߘ௝݂ห
ଶ݁ି௙ெ ܸ݀. Now we prove that to obtaining a solution 
of (1.5)and (1.6) is to show that it is some how equivalent to the decoupled system of (1.7) ■  
 
Proposition1.1 (see [5]) defining ො݃ሺݐሻ ൌ ߪሺݐሻ߰௧כሺ݃ሺݐሻሻ,we have 
డ௚ො
డ௧
ൌ ߪ ′ሺݐሻ߰௧כሺ݃ሻ ൅ ߪሺݐሻ߰௧כ ቀ
డ௚
డ௧
ቁ ൅ ߪሺݐሻ߰௧כሺࣦ௑݃ሻ       (1.9) 
Also for some function݂: ܯ ՜ ܴ, we then have  
ࣦሺఇ௙ሻ݃ ൌ 2ܪ݁ݏݏሺ݂ሻ 
 
Theorem1.3 the solutions of (1.5) and (1.6) may be generated by pulling back solutions of (1.7) 
by an appropriate time-dependent diffeomorphism. 
 
Proof .By previous proposition we know ࣦ௑݃ ൌ െ2ܪ݁ݏݏሺ݂ሻ where ܺሺݐሻ ൌ െߘ݂.We fix ߪሺݐሻ ؠ
1. Now we define ො݃ሺݐሻ by (1.8), it will evolve, by (1.9), according to  
߲ ො݃
߲ݐ ൌ ߰௧
כሺݐሻൣെ2ܴ݅ܿሺ݃ሻ െ 2ܪ݁ݏݏ௚ሺ݂ሻ൧ 
Where ܪ݁ݏݏ௚ሺ݂ሻ is the Hessian of ݂ with respect to the metric ݃ .Keeping in mind that 
߰௧: ሺܯ, ො݃ሻ ՜ ሺܯ, ݃ሻ is an isometry, we may then write መ݂ ؔ ݂݋߰௧ to give  
߲ ො݃
߲ݐ
ൌ െ2൫ܴ݅ܿሺ ො݃ሻ ൅ ܪ݁ݏݏ௚ොሺ መ݂ሻ൯ 
The evolution of መ݂ is then found by the chain rule  
         డ௙
መ
డ௧
ሺݔ, ݐሻ ൌ డ௙
డ௧
ሺ߰௧ሺݔሻ, ݐሻ ൅ ܺሺ݂ሻሺ߰௧ሺݔሻ, ݐሻ 
ൌ ൣ൫െ∆௚݂ ൅ |ߘ݂|ଶ െ ܴ௚൯ െ |ߘ݂|ଶ൧ሺ߰௧ሺݔሻ, ݐሻ ൌ ൣെ∆௚ො መ݂ െ ܴ௚ො൧ሺݔ, ݐሻ 
(Here we have used of this fact thatࣦఇ௙݂ ൌ |ߘ݂|ଶ)  
Thus we have a solution to డ௙
መ
డ௧
ൌ െ∆௚ො መ݂ െ ܴ௚ො   ■ 
We would like to use this to develop a controlled quantity for Ricci flow, but we need to 
eliminate݂. This can be accomplished by taking an infimum, defining  
ߣሺܯ, ݃ሻ ൌ ݂݅݊
௙:׬ ௘ష೑ௗ௏ୀଵಾ
࣠ሺܯ, ݃, ݂ሻ 
Lemma1.1 (see [5]) let ݃௜௝ሺݐሻܽ݊݀ ݂ሺݐሻ evolve according to the coupled flow  
൞
߲݃௜௝
߲ݐ ൌ െ2ܴ௜௝                   
߲݂
߲ݐ ൌ െ∆݂ ൅
|ߘ݂|ଶ െ ܴ
 
Then ࣠൫݃௜௝ሺݐሻ, ݂ሺݐሻ ൯ is non-decreasing in time and monotonicity is strict unless we are on a 
steady gradient solution. 
 
Proof .By applying previous computations we can show that  
߲
߲ݐ ࣠൫݃௜௝
ሺݐሻ, ݂ሺݐሻ ൯ ൌ 2 න หܴ௜௝ ൅ ߘ௜ߘ௝݂ห
ଶ݁ି௙
ெ
ܸ݀ 
So proof is complete ■  
So by previous lemma we obtain  
ߣ ቀ݃௜௝ሺݐሻቁ ൑ ࣠൫݃௜௝ሺݐሻ, ݂ሺݐሻ ൯ ൑ ࣠൫݃௜௝ሺݐ଴ሻ, ݂ሺݐ଴ሻ ൯ ൌ ߣ ቀ݃௜௝ሺݐ଴ሻቁ  (1.10) 
For ݐ ൏ ݐ଴ and ׬ ݁ି௙ܸ݀ ൌ 1ெ . 
Definition1.1 a steady breather is a Ricci flow solution on an interval ሾݐଵ, ݐଶሿthat satisfies the 
equation ݃ሺݐଶሻ ൌ ߶כ݃ሺݐଵሻ for some ߶ א ܦ݂݂݅ሺܯሻ. 
Now we show that a steady breather on a compact manifold is a gradient steady soliton. 
 
Theorem1.4 (Perelman[5]) a steady breather is a gradient steady soliton. 
 
Proof.We have ߣ൫݃ሺݐଶሻ൯ ൌ ߣሺ߶כ݃ሺݐଵሻሻ ൌ  ߣ൫݃ሺݐଵሻ൯.Because ߣ is invariant under 
diffeomorphism. So by (1.10),࣠ሺ݃ሺݐሻ, ݂ሺݐሻ ሻ must be constant in ݐ.From 
߲
߲ݐ ࣠൫݃௜௝
ሺݐሻ, ݂ሺݐሻ ൯ ൌ 2 න หܴ௜௝ ൅ ߘ௜ߘ௝݂ห
ଶ݁ି௙
ெ
ܸ݀ 
We conclude, ܴ௜௝ ൅ ߘ௜ߘ௝݂ ൌ 0 .Then ܴ ൅ ߂݂ ൌ 0 and so the system  
൞
߲݃௜௝
߲ݐ
ൌ െ2ܴ௜௝                   
߲݂
߲ݐ ൌ െ∆݂ ൅
|ߘ݂|ଶ െ ܴ
 
Change to  
߲ ௜݃௝
߲ݐ ൌ െ2ܴ௜௝     
߲݂
߲ݐ ൌ
|ߘ݂|ଶ 
This is a gradient expanding soliton ■  
 
Lemma 1.2(see [4-5]) we have 
߲ߣ
߲ݐ ൒
2
݊ ߣ
ଶሺݐሻ 
Definition1.2 an expanding breather is a Ricci flow solution on an interval ሾݐଵ, ݐଶሿthat satisfies 
the equation ݃ሺݐଶሻ ൌ ܿ߶כ݃ሺݐଵሻ for some ܿ ൐ 1 and ߶ א ܦ݂݂݅ሺܯሻ. 
 
Proposition1.2 an expanding breather is a gradient expanding solution. 
 
Lemma1.3 (see [8])ߣሺܯ, ݃ሻ is finite. 
 
Lemma 1.4(see [8])ߣሺܯ, ݃ሻ is the least number for which one has the inequality 
න 4|ߘݑ|௚ଶ ൅ ܴ|ݑ|ଶܸ݀ ൒ ߣሺܯ, ݃ሻ න |ݑ|ଶܸ݀
ெெ
 
For all ݑ in the sobolev space ܪଵሺܯሻ. (Note ԡ݂ԡுభ ൌ ׬ ൫|ߘ݂|௚ଶ ൅ ݂ଶ൯ܸ݀for ܥଵfunctions) 
 
The ड െ Functional 
 
We know that the metric ௜݃௝ሺݐሻ evolving by Ricci flow is called a breather, if for some ݐଵ ൏
ݐଶand ߙ ൐ 0 the metrics ߙ݃௜௝ሺݐଵሻand ݃௜௝ሺݐଶሻ differ only by 0 diffeomorphism; the cases ߙ ൌ
1, ߙ ൏ 1, ߙ ൐ 1 correspond to steady, shrinking and expanding breathers, respectively. In order 
to handle the shrinking case when ߣሺܯ, ݃ሻ ൐ 0 we need to replace our functional ࣠ by its 
generalization, which contains explicit insertions of the scale parameter, to be denoted by ߬. 
Thus consider the functional.  
ࣱ൫݃௜௝, ݂, ߬൯ ൌ න ሾ߬ሺ|ߘ݂|ଶ ൅ ܴሻ ൅ ݂ െ ݊ሿሺ4ߨ߬ሻ
ି௡
ଶ
ெ
݁ି௙ܸ݀ 
Restricted to ݂ satisfying  
න ሺ4ߨ߬ሻ
ି௡
ଶ
ெ
݁ି௙ܸ݀ ൌ 1 
߬ ൐ 0. Where ݃௜௝is a Riemannian metric, ݂ is a smooth function on ܯ and ߬ is a positive scale 
parameter. Also for any positive number ܽ and any diffeomorphism ߮  
ࣱ൫ܽ߮כ݃௜௝, ߮כ݂, ܽ߬൯ ൌ ࣱ൫݃௜௝, ݂, ߬൯. 
 
Now we start with first variation for ࣱ. 
 
Theorem1.5 (Perelman) assume thatߜ ௜݃௝ ൌ ݒ௜௝ and ߜ݂ ൌ ݄. Put ߪ ൌ ߜ߬ then we have  
 
 ߜࣱ൫ݒ௜௝, ݄, ߪ൯ ൌ ׬ ቂߪሺܴ ൅ |ߘ݂|ଶሻ െ ߬ݒ௜௝൫ܴ௜௝ ൅ ߘ௜ߘ௝݂൯ ൅ ݄ ൅ ሾ߬ሺ2∆݂ െ |ߘ݂|ଶ ൅ ܴሻ ൅ ݂ െெ
݊ሿ ቀ௩
ଶ
െ ݄ െ ௡ఙ
ଶఛ
ቁቃ ሺ4ߨ߬ሻ
ష೙
మ ݁ି௙ܸ݀ 
Proof. By డ
డ௧
ܸ݀ ൌ ௩
ଶ
ܸ݀. We see 
ߜ ቀሺ4ߨ߬ሻ
ି௡
ଶ ݁ି௙ܸ݀ቁ ൌ ቀ
ݒ
2 െ ݄ െ
݊ߪ
2߬ቁ
ሺ4ߨ߬ሻ
ି௡
ଶ ݁ି௙ܸ݀ 
but we know  
ߜ࣠൫ߥ௜௝, ݄൯ ൌ න ݁ି௙ ቂെݒ௜௝൫ܴ௜௝ ൅ ߘ௜ߘ௝݂൯ ൅ ቀ
ݒ
2 െ ݄ቁ
ሺ2∆݂ െ |ߘ݂|ଶ ൅ ܴሻቃ ܸ݀
ெ
 
we obtain 
ߜࣱ ൌ න ቂߪሺܴ ൅ |ߘ݂|ଶሻ ൅ ߬ ቀ
ݒ
2 െ ݄ቁ
ሺ2∆݂ െ 2|ߘ݂|ଶሻ െ ߬ݒ௜௝൫ܴ௜௝ ൅ ߘ௜ߘ௝݂൯ ൅ ݄ 
ெ
൅ ሾ߬ሺܴ൅|ߘ݂|ଶሻ ൅ ݂ െ ݊ሿ ቀ
ݒ
2 െ ݄ െ
݊ߪ
2߬ቁቃ
ሺ4ߨ߬ሻ
ି௡
ଶ ݁ି௙ܸ݀ 
also we have 
∆݁ି௙ ൌ ሺ|ߘ݂|ଶ െ ∆݂ሻ݁ି௙ 
therefore  
ߜࣱ൫ݒ௜௝, ݄, ߪ൯ ൌ න ቂߪሺܴ ൅ |ߘ݂|ଶሻ െ ߬ݒ௜௝൫ܴ௜௝ ൅ ߘ௜ߘ௝݂൯ ൅ ݄
ெ
൅ ሾ߬ሺ2∆݂ െ |ߘ݂|ଶ ൅ ܴሻ ൅ ݂ െ ݊ሿ ቀ
ݒ
2
െ ݄ െ
݊ߪ
2߬ቁቃ
ሺ4ߨ߬ሻ
ି௡
ଶ ݁ି௙ܸ݀ 
So proof is complete ■  
 
Definition1.3 the arguments ݃, ݂ and ߬ are called compatible if  
න
݁ି௙
ሺ4ߨ߬ሻ
௡
ଶ
ܸ݀ ൌ 1
ெ
 
Lemma1.5(see[5]) under the transformation ሺ݃, ݂, ߬ሻ ՜ ሺ߬ିଵ݃, ݂, 1ሻcompatibility is preserved, 
as is the functional  : 
ࣱሺ݃, ݂, ߬ሻ ൌ ࣱሺ߬ିଵ݃, ݂, 1ሻ 
Note that on ܴ௡, the Gaussian measure ݀ߤ is defined in terms of the lebesgue measure ݀ݔ by  
݀ߤ ൌ ሺ2ߨሻ
ି௡
ଶ ݁
ି|௫|మ
ଶ ݀ݔ 
The normalization being chosen so that  
න ݀ߤ ൌ 1
ோ೙
 
Lemma 1.6(see [7])(L.Gross) If ݒ: ܴ௡ ՜ ܴ is, say, smooth and satisfies ݒ,|ߘݒ| א ܮଶሺ݀ߤሻthen  
න ݒଶ݈݊|ݒ|݀ߤ ൑ න |ߘݒ|ଶ݀ߤ ൅ ቆන ݒଶ݀ߤቇ ݈݊ ቆන ݒଶ݀ߤቇ
ଵ
ଶ
 
so if we choose ݒ so that ׬ ݒଶ݀ߤ ൌ 1,then inequality becomes 
න ݒଶ݈݊|ݒ|݀ߤ ൑ න |ߘݒ|ଶ݀ߤ 
That called log-sobolev inequality. 
 
Theorem1.6(see[5]) (Perelman) Let ݃ denote the flat metric on ܴ௡.if ݂ and ߬ are compatible 
with ݃, then  
ࣱሺ݃, ݂, ߬ሻ ൒ 0 
Proof let ݂: ܴ௡ ՜ ܴ be compatible with ݃ and ߬, which in this situation means that  
න
݁ି௙
ሺ4ߨ߬ሻ
௡
ଶ
݀ݔ ൌ 1
ோ೙
 
If we set ߬ ൌ ଵ
ଶ
 we obtain ׬ ௘
ష೑
ሺଶగሻ
೙
మ
݀ݔ ൌ 1ோ೙  .If we define ݒ ൌ ݁
|ೣ|మ
ర ି
೑
మ,we have  
ݒଶ݀ߤ ൌ ݁
|௫|మ
ଶ ି௙ሺ2ߨሻ
ି௡
ଶ ݁
ି|௫|మ
ଶ ݀ݔ ൌ ሺ2ߨሻ
ି௡
ଶ ݁ି௙݀ݔ 
so׬ ݒଶ݀ݔ ൌ 1ோ೙ . Therefore, by the log-sobolev inequality we obtain, ׬ ݒ
ଶ݈݊|ݒ|݀ߤ ൑
׬ |ߘݒ|ଶ݀ߤ. 
by computing the left-hand side and right hand side of this inequality we get 
 
න ݒଶ݈݊|ݒ|݀ߤ ൌ න ݁
|௫|మ
ଶ ି௙ ቆ
|ݔ|ଶ
4
െ
݂
2ቇ
ሺ2ߨሻ
ି௡
ଶ ݁
ି|௫|మ
ଶ ݀ݔ 
 
ൌ න ቆ
|ݔ|ଶ
4
െ
݂
2ቇ
݁ି௙
ሺ2ߨሻ
௡
ଶ
݀ݔ 
also ׏ݒ ൌ ቀ௫
ଶ
െ ׏௙
ଶ
ቁ ݁
|ೣ|మ
ర ି
೑
మ  
which gives us  
|׏ݒ|ଶ ൌ ቆ
|ݔ|ଶ
4 െ
ݔ. ׏݂
2 ൅
|׏݂|ଶ
4 ቇ ݁
|௫|మ
ଶ ି௙ 
therefore  
|ߘݒ|ଶ݀ߤ ൌ ቆ
|ݔ|ଶ
4 െ
ݔ. ߘ݂
2 ൅
|ߘ݂|ଶ
4 ቇ
݁ି௙
ሺ2ߨሻ
௡
ଶ
݀ݔ 
the ݅݊ݐ݁݃ݎܽݐ݅݋݊ െ ܾݕ െ ݌ܽݎݐݏ formula gives us  
െ න
ݔ. ߘ݂
2
݁ି௙
ሺ2ߨሻ
௡
ଶ
݀ݔ ൌ
1
2
න ݔ. ׏ሺ݁ି௙ሻ
݀ݔ
ሺ2ߨሻ
௡
ଶ
 
but we can compute  ߘ. ݔ ൌ ݊, so  
െ න
ݔ. ߘ݂
2
݁ି௙
ሺ2ߨሻ
௡
ଶ
݀ݔ ൌ
െ݊
2 න
݁ି௙
ሺ2ߨሻ
௡
ଶ
݀ݔ 
so  
න |׏ݒ|ଶ݀ߤ ൌ න ቆ
|ݔ|ଶ
4
െ
݊
2
൅
|ߘ݂|ଶ
4 ቇ
݁ି௙
ሺ2ߨሻ
௡
ଶ
݀ݔ 
and the log-sobolev inequality gives us 
න ቆ
|ݔ|ଶ
4 െ
݂
2ቇ
݁ି௙
ሺ2ߨሻ
௡
ଶ
݀ݔ ൑ න ቆ
|ݔ|ଶ
4 െ
݊
2 ൅
|ߘ݂|ଶ
4 ቇ
݁ି௙
ሺ2ߨሻ
௡
ଶ
݀ݔ 
so  
ࣱ ൬݃, ݂,
1
2
൰ ൌ න ൤
1
2
|ߘ݂|ଶ ൅ ݂ െ ݊൨
݁ି௙
ሺ2ߨሻ
௡
ଶ
݀ݔ ൒ 0 
by the scale invariance ࣱሺ݃, ݂, ߬ሻ ൌ ࣱ ቀ ଵ
ଶఛ
݃, ݂, ଵ
ଶ
ቁ and because ሺܴ௡, ݃ሻ is preserved under the 
homothetic scaling ,we conclude 
 ࣱሺ݃, ݂, ߬ሻ ൒ 0 
and proof will be complete■  
 
Remark 1.2(see [4]) to easily we can check that for any ݂ , ߬ compatible with ݃ , ࣱሺ݃, ݂, ߬ሻ ൌ 0 
if and only if ݂ሺݔሻ ؠ ௫
మ
ସఛ
 . 
We have a analogous theorem for ࣱ,like ࣠.We see that ࣱ,is increasing under the Ricci flow 
when ݂ and ߬ are made to evolve appropriately. 
 
Theorem1.7 (Perelman) If ݃௜௝ሺݐሻ,݂ሺݐሻand ߬ሺݐሻevolve according to the system 
ە
ۖ
۔
ۖ
ۓ
߲݃௜௝
߲ݐ ൌ െ2ܴ௜௝                             
߲݂
߲ݐ
ൌ െ∆݂ ൅ |׏݂|ଶ െ ܴ ൅
݊
2߬
߲߬
߲ݐ ൌ െ1                                     
 
Then we have the identity 
݀
݀ݐ ࣱ൫݃௜௝
ሺݐሻ, ݂ሺݐሻ, ߬ሺݐሻ൯ ൌ න 2
ெ
߬ ฬܴ௜௝ ൅ ߘ௜ߘ௝݂ െ
1
2߬ ݃௜௝ฬ
ଶ
ሺ4ߨ߬ሻ
ି௡
ଶ ݁ି௙ܸ݀ 
and ׬ ሺ4ߨ߬ሻ
ష೙
మ ݁ି௙ܸ݀ெ  is constant .In Particular .in particularࣱ൫݃௜௝ሺݐሻ, ݂ሺݐሻ, ߬ሺݐሻ൯ is non-
decreasing in time and monotonicity is strict unless we are on a shrinking gradient soliton. 
 
Now we give an example of a gradient shrinking soliton . 
 
Example consider ܴ௡ with the flat metric, constant in time ݐ א ሺെ∞, 0ሻ and let ߬ ൌ െݐ and 
݂ሺ߬, ݔሻ ൌ ௫
మ
ସఛ
. 
proof. Because ݂ሺ߬, ݔሻ ൌ ௫
మ
ସఛ
 so we get ݁ି௙ ൌ ݁ି
ೣమ
రഓ  . To easily we can check ሺ݃ሺݐሻ, ݂ሺݐሻ, ߬ሺݐሻሻ 
satisfies the following system 
ە
ۖ
۔
ۖ
ۓ
߲݃௜௝
߲ݐ ൌ െ2ܴ௜௝                             
߲݂
߲ݐ
ൌ െ∆݂ ൅ |׏݂|ଶ െ ܴ ൅
݊
2߬
߲߬
߲ݐ ൌ െ1                                     
 
and ׬ ሺ4ߨ߬ሻ
ష೙
మ ݁ି௙ܸ݀ ൌ 1  
now ߬ሺ|׏݂|ଶ ൅ ܴሻ ൅ ݂ െ ݊ ൌ ߬ |௫|
మ
ସఛమ
൅ |௫|
మ
ସఛ
െ ݊ ൌ |௫|
మ
ଶఛ
െ ݊ 
so it follows from of this fact that we have  
න ݁
ି|௫|మ
ସఛ ܸ݀ ൌ ሺ4ߨ߬ሻ
௡
ଶ
ோ೙
 
and 
න ݁
ି|௫|మ
ସఛ
|ݔ|ଶ
4߬ଶ
ܸ݀ ൌ ሺ4ߨ߬ሻ
௡
ଶ
݊
2߬
 
Therefore ࣱሺݐሻ ൌ 0 for all ݐ.So proof is complete■  
Remark1.3 Now if ݃ is the Euclidean metric and we let ݑ ൌ ሺ4ߨ߬ሻ
ష೙
మ ݁ି௙, we see that  
݈݋݃ݑ ൌ
െ݊
2 ݈݋݃
ሺ4ߨ߬ሻ െ ݂ 
|׏ݑ|ଶ ൌ ሺ4ߨ߬ሻି௡|׏݂|ଶ݁ିଶ௙ 
so                                                    |׏݂|ଶ ൌ |׏௨|
మ
௨మ
  
Therefore  
ࣱሺܯ, ݃, ݂, ߬ሻ ൌ න ቈ߬
|׏ݑ|ଶ
ݑଶ െ ݑ݈݋݃ݑ቉ ݀ݔ െ
݊
2 ݈݋݃
ሺ4ߨ߬ሻ െ ݊ 
but we know that ࣱ ൒ 0 so it implies a log-sobolev inequality  
τ׬ |׏௨|
మ
௨మ
݀ݔ ൒ ׬ ݑ݈݋݃ݑ݀ݔ ൅ ௡ଶ ሺ4ߨ߬ሻ ൅ ݊ 
If we set ߶ଶ ൌ ݑ 
4߬ න |׏߶|ଶ݀ݔ ൒
1
߬ න ߶
ଶ݈݋݃ ߶ଶ݀ݔ ൅
݊
2 ݈݋݃
ሺ4ߨ߬ሻ ൅ ݊ 
For the general case, we have  
ࣱሺܯ, ݃, ݂, ߬ሻ ൌ ׬ ቂ߬ ቀܴݑ ൅
|׏௨|మ
௨మ
ቁ െ ݑ݈݋݃ݑቃ ܸ݀ െ ௡
ଶ
݈݋݃ሺ4ߨ߬ሻ െ ݊   (1.11) 
one can show that  
ࣱሺܯ, ݃, ݂, ߬ሻ ൒ െܿሺܯ, ݃, ߬ሻ 
so according to (1.11)we get  
߬ ׬ ܴ߶ଶܸ݀ ൅ ߬ ׬ 4|׏߶|ଶܸ݀ ൒ െܿ ൅ ׬ ߶ଶ݈݋݃߶ଶܸ݀ ൅ ௡ଶ ݈݋݃ሺ4ߨ߬ሻ ൅ ݊   (1.12) 
 
Definition1.4 We set 
ߤ൫݃௜௝, ߬൯ ൌ ݂݅݊ ൝ࣱ൫݃௜௝, ݂, ߬൯: ݂ א ܥஶሺܯሻ,
1
ሺ4ߨ߬ሻ
௡
ଶ
න ݁ି௙ܸ݀ ൌ 1
ெ
ൡ 
Which according to (1.12) is the best possible constantെܿ. 
 
Remark 1.4(see [4]) ߤ is finite. 
 
Definition1.5 a shrinking breather is a Ricci flow solution on ሾݐଵ, ݐଶሿthat satisfies ݃ሺݐଶሻ ൌ
ܿ߶כ݃ሺݐଵሻ for some ܿ ൏ 1 and ߶ א ܦ݂݂݅ሺܯሻ. 
 
Definition1.6 a shrinking soliton lives on a time interval ሺെ∞, 0ሻ.a gradient shrinking soliton 
satisfies the equations  
߲݃௜௝
߲ݐ
ൌ െ2ܴ௜௝ ൌ 2ߘ௜ߘ௝݂ ൅
݃௜௝
ݐ
 
߲݂
߲ݐ ൌ
|׏݂|ଶ 
Remark 1.5(see [5])one can show that for any time ݐ ൑ ݐ଴ we have  
ߤሺܯ, ݃ሺݐሻ, ߬ሺݐሻሻ ൑ ࣱሺܯ, ݃ሺݐሻ, ݂ሺݐሻ, ߬ሺݐሻሻ ൑ ߤሺܯ, ݃ሺݐ଴ሻ, ߬ሺݐ଴ሻሻ   (1.13) 
 
Theorem1.8 A shrinking breather is a gradient shrinking soliton. 
Proof put ݐ଴ ൌ
௧మି௖௧భ
ଵି௖
 .Then if ߬ଵ ൌ ݐ଴ െ ݐଵand߬ଶ ൌ ݐ଴ െ ݐଶ , we get ߬ଶ ൌ ܿ߬ଵ.Therefore because 
the functional ࣱ is invariant under simultaneous scaling of ߬ and ݃௜௝ are invariant under 
diffeomorphism, so  
ߤሺ݃ሺݐଶሻ, ߬ଶሻ ൌ ߤ ൬
߬ଶ
߬ଵ
߶כ݃ሺݐଵሻ, ߬ଶ൰ ൌ ߤሺ߶כ݃ሺݐଵሻ, ߬ଵሻ ൌ ߤሺ݃ሺݐଵሻ, ߬ଵሻ 
so by (1.13) and this fact that  
݀
݀ݐ ࣱ൫݃௜௝
ሺݐሻ, ݂ሺݐሻ, ߬ሺݐሻ൯ ൌ න 2
ெ
߬ ฬܴ௜௝ ൅ ߘ௜ߘ௝݂ െ
1
2߬ ݃௜௝ฬ
ଶ
ሺ4ߨ߬ሻ
ି௡
ଶ ݁ି௙ܸ݀ 
it follows that the solution is a gradient shrinking soliton . 
 
Remark 1.6(see [8]):ߤ൫݃௜௝ሺݐሻ, ߬ െ ݐ൯ is non-decreasing along the Ricci flow . 
 
Proposition1.3 (see[8]) ߤሺ݃, ߬ሻ is negative for small ߬ ൐ 0 and tends to zero as ߬ ՜ 0. 
Recent developments on Perelman’s functional ऐ ࢇ࢔ࢊ ड 
 
Definition1.7 In [2] Jun-Fang Li introduced the following ࣠ െfunctional, 
࣠௞ሺ݃, ݂ሻ ൌ න ሺܴ݇ ൅ |׏݂|ଶሻ݁ି௙݀ߤ
ெ
 
Where ݇ ൒ 1.when݇ ൌ 1, this is the ࣠ െfunctional. 
 
The following theorem is analogous result, like, ࣠. 
 
Theorem1.9 (see [2]) suppose the Ricci flow of ݃ሺݐሻ exists for ሾ0, ܶሻ, then all the functional 
࣠௞ሺ݃, ݂ሻ will be monotone under the following coupled system, i.e. 
൞
߲݃௜௝
߲ݐ ൌ െ2ܴ௜௝                   
߲݂
߲ݐ ൌ െ∆݂ ൅
|ߘ݂|ଶ െ ܴ
 
݀
݀ݐ
࣠௞൫݃௜௝, ݂൯ ൌ 2ሺ݇ െ 1ሻ න |ܴܿ|ଶ݁ି௙݀ߤ ൅ 2 න หܴ௜௝ ൅ ߘ௜ߘ௝݂ห
ଶ݁ି௙݀ߤ
ெெ
൒ 0 
define ߣ௞ሺ݃ሻ ൌ ݂݅݊࣠௞ሺ݃, ݂ሻ, where infimum is taken over all smooth ݂, satisfying ׬ ݁ି௙݀ߤ ൌெ
1.and we assumeߣଵሺ݃ሻ ൌ ߣሺ݃ሻ. 
 
Theorem1.10(see [2]and[11]) ߣሺ݃ሻ is the lowest eigenvalue of the parameter െ4∆ ൅ ܴ and the 
non-decreasing of the ࣠ functional implies the non-decreasing of ߣሺ݃ሻ. as an application 
,Perelman was able to show that there is no non-trivial steady or expanding Ricci breathers on 
closed manifolds. 
Theorem1.11(see[11]) on a compact Riemannian manifold ሺܯ, ݃ሺݐሻሻ, where ݃ሺݐሻ satisfies the 
Ricci flow equation for ݐ א ሾ0, ܶሻ, the lowest eigenvalue ߣ௞ of the operatorെ4߂ ൅ ܴ݇ is non-
decreasing under the Ricci flow. The monotonicity is strict unless the metric is Ricci-flat. 
 
X. D. Cao considered the eigenvalues of the operator 
 
െ߂ ൅
ܴ
2 
On manifolds with nonnegative cuvvature operator. He showed that the eigenvalues of these 
manifolds are non-decreasing along the Ricci flow.  
 
Corollary1.1 On a compact Riemannian manifold, the lowest eigenvalues of the operator െ߂ ൅
ோ
ଶ
are non-decreasing under the Ricci flow . 
proof let ݇ ൌ 2, then ଵ
ସ
ߣଶ is the lowest eigenvalue of െ߂ ൅
ோ
ଶ
 and the result will follows■  
 
Theorem1.12 (see [11]) Let݃ሺݐሻ, ݐ א ሾ0, ܶሻ, be a solution to the Ricci flow on a closed 
Riemannian manifold ܯ௡.Assume that there is a ܥଵ-family of smooth function݂ሺݐሻ ൐ 0, which 
satisfy 
 
ߣሺݐሻ݂ሺݐሻ ൌ െ∆௚ሺ௧ሻ݂ሺݐሻ ൅
1
2
ܴ௚ሺ௧ሻ݂ሺݐሻ 
න ݂ଶሺݐሻ݀ߤ௚ሺ௧ሻ ൌ 1 
Where ߣሺݐሻ is a function of ݐ only .Then  
2
݀
݀ݐ ߣ
ሺݐሻ ൌ 4 න ܴ௜௝׏௜݂׏௝݂ ݀ߤ ൅ 2 න |ܴܿ|ଶ݂ଶ ݀ߤ 
                                   ൌ න หܴ௜௝ ൅ ߘ௜ߘ௝߮ห
ଶ݁ିఝ݀ߤ ൅ න |ܴܿ|ଶ݁ିఝ ݀ߤ ൒ 0 
 
Entropy functional for diffusion operator  
 
Let ሺܯ, ݃ሻ be a compact Riemannian manifold, ߶ א ܥଶሺܯሻ.Let  
ܮ ൌ ∆ െ ׏߶. ׏,     ݀ߤ ൌ ݁ିథܸ݀ 
Let  
ݑ ൌ
݁ି௙
ሺ4ߨݐሻ
௠
ଶ
 
be a positive solution of  
ሺ߲௧ െ ܮሻݑ ൌ 0 
Inspired by the work of Perelman and Ni, we have the following results. 
 
Theorem 1.13(X.-D. Li 2006) let  
 
ܪ௠ሺݑ, ݐሻ ൌ න ݑ݈݋݃ݑ݀ߤ െ ቀ
݉
2 ݈݋݃
ሺ4ߨݐሻ ൅
݉
2 ቁெ
 
ࣱሺݑ, ݐሻ ൌ න ሺݐ|׏݂|ଶ ൅ ݂ െ ݉ሻ
݁ି௙
ሺ4ߨݐሻ
௠
ଶ
݀ߤ
ெ
 
Then 
 
݀
݀ݐ ܪ௠
ሺݑ, ݐሻ ൌ െ න ቀܮ݈݋݃ݑ ൅
݉
2ݐቁ ݑ݀ߤெ
 
 
ࣱሺݑ, ݐሻ ൌ
݀
݀ݐ
൫ݐܪ௠ሺݑ, ݐሻ൯ 
Theorem1.14 (X.-D. Li) let u be a positive solution of the heat equation 
൬
߲
߲ݐ
െ ܮ൰ ݑ ൌ 0 
Suppose that  
 
ܴ݅ܿ௠,௡ሺܮሻ: ൌ ܴ݅ܿ ൅ ߘଶ߶ െ
ߘ߶۪ߘ߶
݉ െ ݊ ൒ 0 
Then  
ࣱ݀ሺݑ, ݐሻ
݀ݐ ൌ െ2 න ߬ ൬ቚߘ
ଶ݂ െ
݃
2߬ቚ
ଶ
ݑ݀ߤ ൅ ܴ݅ܿ௠,௡ሺܮሻሺ׏݂, ׏݂ሻݑ൰ ݀ߤ
ெ
െ
2
݉ െ ݊ න ߬ ቀ׏߶. ׏݂ ൅
݉ െ ݊
2߬ ቁ
ଶ
ݑ݀ߤ
ெ
 
Corollary1.2 (X.-D.Li 2006) supposes that ܴ݅ܿ௠,௡ሺܮሻ ൒ 0 then ߬ ՜ ߤሺ߬ሻis decreasing along the 
heat diffusionሺ ఛ߲ െ ܮሻݑ ൌ 0. 
Perelman functional ऐ ࢇ࢔ࢊ ड for extend Ricci flow system 
 
We consider a system of evolution equations such that the stationary points satisfy  
ܴܿሺ݃ሻ ൌ 2݀ݑ۪݀ݑ 
∆௚ݑ ൌ 0 
Bernhard list in [3]extended the Ricci flow to the system  
                                         డ௚ሺ௧ሻ
డ௧
ൌ െ2ܴܿ൫݃ሺݐሻ൯ ൅ 4݀ݑ۪݀ݑ                              (1.14) 
                                             డ௨ሺ௧ሻ
డ௧
ൌ ∆௚ሺ௧ሻݑሺݐሻ 
For a Riemannian metric݃ሺݐሻ, a function ݑሺݐሻ, and given initial data ݃ሺ0ሻ and ݑሺ0ሻ. this is a 
quasilinear, weakly parabolic, coupled system of second order. Here ݀ݑ ٔ ݀ݑ is the tensor 
߲௜ݑ ௝߲ݑ݀ݔ௜ ٔ  ݀ݔ௝ and the laplacian of a function ݑ with respect to ݃ is given by߂௚ݑ ൌ
 ݃௜௝ሺ߲௜ ௝߲ݑ െ ߁௜௝௞߲௞ݑሻ. 
 
 Definition1.8(see[3]) let ߬ א ܴ be a positive real number. Then the entropy ࣱ of a 
configuration 
ሺ݃, ݑ, ݂, ߬ ሻ א ࣧሺܯሻ ൈ ܥஶሺܯሻ ൈ ܥஶሺܯሻ ൈ ܴା 
is defined to be  
ࣱሺ݃, ݑ, ݂, ߬ ሻ ؔ න ሾ߬ሺܵ ൅ |݂݀|ଶሻ ൅ ݂ െ ݊ሿ
ெ
ሺ4ߨ߬ሻ
ି௡
ଶ ݁ି௙ܸ݀ 
Where ܵ ؔ ܴ െ 2|݀ݑ|ଶ(So the evolution of the metric can then be written as డ௚೔ೕ
డ௧
ൌ െ2 ௜ܵ௝) now 
we prove that ࣱ is scaling invariant . 
 
Lemma1.7 (see[3])let ߙ ൐ 0 be a constant and ߮ be a diffeomorphism of ܯ.then the entropy 
ࣱ is invariant under simultaneous scaling of ݃ and ߬by ߙ in the sense that 
ࣱሺߙ݃, ݑ, ݂, ߙ ߬ ሻ ൌ ࣱሺ݃, ݑ, ݂, ߬ ሻ 
and invariant under diffeomorphisms 
ࣱሺ߮כ݃, ߮כݑ, ߮כ݂, ߬ ሻ ൌ ࣱሺ݃, ݑ, ݂, ߬ ሻ 
Proof the invariance under diffeomorphisms is clear .also we have  
ࣱሺߙ݃, ݑ, ݂, ߙ ߬ ሻ
ൌ න ൣߙ߬൫ܴሺߙ݃ሻ െ 2ሺߙ݃ሻ௜௝߲௜ݑ ௝߲ݑ ൅ ሺߙ݃ሻ௜௝߲௜݂ ௝߲݂൯ ൅ ݂
ெ
െ ݊൧ ሺ4ߨߙ߬ሻ
ି௡
ଶ ݁ି௙ඥ݀݁ݐሺߙ݃ሻ݀ݔ
ൌ න ሾߙ߬ሺߙିଵܴ െ 2ߙିଵ|݀ݑ|ଶ ൅ ߙିଵ|݂݀|ଶሻ ൅ ݂ െ ݊ሿߙ
ି௡
ଶ
ெ
ሺ4ߨ߬ሻ
ି௡
ଶ ݁ି௙ߙ
௡
ଶܸ݀
ൌ ࣱሺ݃, ݑ, ݂, ߬ ሻ 
 
Theorem1.15 (see[3])let ܯ be a closed Riemannian manifold and assume that ݃, ݑ, ݂ and ߬ 
satisfy on ሾ0, ܶሻ ൈ ܯ the evolution equations  
                                                                      ߲௧݃ ൌ െ2ܵ௬ 
߲௧ݑ ൌ ∆ݑ 
                                                                      ߲௧݂ ൌ െ∆݂ ൅ |׏݂|ଶ െ ܵ ൅
௡
ଶఛ
 
                                                                       ߲௧߬ ൌ െ1 
(ܵ is the trace of symmetric tensor field ܵ௬ )  
then the following monotonicity formula holds: 
߲௧ࣱሺݐሻ ൌ න ቆ2߬ ฬ ܵ௬ ൅ ߘଶ݂ െ
1
2߬ ݃ฬ
ଶ
൅ 4߬|׏ݑ െ ݀ݑሺ׏݂ሻ|ଶቇ ݀݉ ൒ 0
ெ
 
Remark1.7(see[3]) the entropy ࣱ is non-decreasing and equality holds if and only if the solution 
is a homothetic shrinking gradient soliton. In this case ሺ݃, ݑ, ݂, ߬ ሻሺݐሻsatisfies at everyݐ א ሾ0, ܶሻ. 
 ܵ௬ ൅ ߘଶ݂ െ
ଵ
ଶఛ
݃ ൌ 0 and ׏ݑ െ ݀ݑሺ׏݂ሻ ൌ 0 
Theorem1.16(see[3]) if we vary ࣱalong the variation given by the following evolution equations 
                                                                       ߲௧݃ ൌ െ2ܵ௬ െ 2׏ଶ݂ 
                        ߲௧ݑ ൌ ∆ݑ െ ۃ݀ݑ, ݂݀ۄ 
                                                                       ߲௧݂ ൌ െ∆݂ െ ܵ ൅
௡
ଶఛ
 
                                                                        ߲௧߬ ൌ െ1  
then we have  
 
߲௧ࣱሺ݃, ݑ, ݂, ߬ ሻሺݐሻ ൌ න ቆ2߬ ฬ ܵ௬ ൅ ߘଶ݂ െ
1
2߬ ݃ฬ
ଶ
൅ 4߬|∆ݑ െ ۃ݀ݑ, ݂݀ۄ|ଶቇ ݀݉ ൒ 0
ெ
 
Definition 1.9(see[3])let ሺ݃, ݑ, ߬ ሻ א ࣧሺܯሻ ൈ ܥஶሺܯሻ ൈ ܴା be a configuration .then we define  
ߤ ؔ ߤሺ݃, ݑ, ߬ሻ ൌ inf
௙א஼ಮሺெሻ
ቊࣱሺ݃, ݑ, ݂, ߬ሻ| න ሺ4ߨ߬ሻ
ି௡
ଶ ݁ି௙ܸ݀ ൌ 1
ெ
ቋ 
We investigate the remaining case of shrinking breathers. 
 
Theorem1.17. (see[3])suppose ሺ݃, ݑሻሺݐሻ is a solution to (1.14) on ሾ0, ܶሻ ൈ ܯ where ܯ is closed. 
Fix a ߬ א  ሾ0, ܶሻ and define ߬ ሺݐሻ ׷ൌ ߬ െ ݐ. then ߤሺ݃, ݑ, ߬ ሻሺݐሻ is non-decreasing in ݐ. If డ
డ௧
ߤሺݐሻ ൌ
0 the solution is a gradient shrinking soliton. 
 
Proposition1.4(see[3]) Let ሺ݃, ݑሻሺݐሻ be a shrinking breather on a closed manifold ܯ. Then it 
necessarily is a gradient shrinking soliton. 
 Perelman’s Functional ऐ ࢇ࢔ࢊ ड on Ricci Yang­Mills flow 
 
The Yang-Mills heat flow was first used by Atiyah (in [10])and Bott and simon Donaldson. 
Donaldson used it to give an analytic proof of a Theorem of Narasimhan and Seshadri. also 
Atiyah and Bott used the Yang-Mills heat flow to study the topology of minimal Yang Mills 
connections. The Yang-Mills heat flow is a gauge-theoretic heat flow; that is, it is a differential 
equation for a field on a principal fiber bundle. In the study of geometric evolution equations 
monotonic quantities have always played an important role. Here we give a Review of the Ricci 
Yang- Mills flow using energy functional, but as for Ricci flow the resulting equations are not a-
priori gradient equations. In other words we would like to follow the ideas of Perelman in order 
to write the Ricci Yang-Mills flow as a gradient flow. We claim that our coupled system is the 
gradient flow of some functional ࣠ሺ݃, ܽ, ݂ሻ analogous to that of Perelman. 
 
 For definition of the Ricci Yang-Mills flow at first, we recall the ܷሺ݉ሻ െvector bundle.  
 
Let G be a unitary group ܷሺ݉ሻ ك ܩܮሺ݉, ܴሻ ك ܩܮሺ2݉, ܴሻ , a ܩ െvector bundle is a complex 
vector bundle of rank m together with Hermitian metric, a smooth function which assigns to each 
݌ א  ܯ a map 
ۦ , ۧ௣ ׷ ܧ ௣ ൈ ܧ ௣ ՜ ܥ 
Which satisies the axioms 
1.  ۦݒ, ݓۧ௣ is complex linear in ݓ and conjugate linear in ݒ. 
2.  ۦݒ, ݓۧ௣ ൌ  ۦݓ, ݒۧ௣ 
3.   ۦݒ, ݓۧ௣ ൒  0, with equality holding only if ݒ ൌ  0  
 
Definition1.10 (see [9]) Let ܲ be a ܷሺ1ሻ െbundle over a compact manifold. One can choose a 
metric on ܲ such that the Ricci flow equations, with the additional hypothesis that size of the 
fiber remains fixed, yield the Ricci Yang-Mills flow: 
߲݃
߲ݐ ൌ െ2ܴܿ ൅ ܨ
ଶ 
 
߲ܣ
߲ݐ ൌ െܦ஺
כܨሺܣሻ 
here “A” is a connection on ܲ and ܦכis adjoint of the exterior derivative ܦ. also ܨ is a two-form 
on ܯ where ܨሺܣሻ  ൌ  ܦ஺ܣ that ܦܣ denote the exterior covariant derivative. Recall that if G is a 
lie sub group of ܩܮሺ݉, ܴሻ, a ܩ െvector bundle is a rank m vector bundle whose transition 
functions take their values in ܩ.  
 
Definition1.11(see [9]) Let ሺܯ, ݃ሻ be a Riemannian manifold and let ܧ ՜ ܯ denote a principal 
ܭ െbundle (ܭ is a lie group) over ܯ with connectionܣ. In this section ߘ will always refer to the 
Levi-Civita connection of ݃. Consider the functional  
࣠ሺ݃, ܣ, ݂ሻ ൌ න ൬ܴ െ
1
4
|ܨ|ଶ ൅ |׏݂|ଶ൰ ݁ି௙ܸ݀
ெ
 
where ܴ is the scalar curvature of the base metric, ݂ א ܥஶሺܯሻ and ܸ݀ denotes the volume form 
of ݃.  
We use the notation ߜ to refer to the first variation at 0 of other quantities with respect to the 
parameter ݐ.  
Lemma1.8(see [9]) Let ߜ݃௜௝ ൌ ݒ௜௝, ߜܣ௜ ൌ ߙ௜, ߜ݂ ൌ ݄,then 
ߜ ࣠ሺݒ, ߙ, ݄ሻ ൌ න ݁ି௙
ெ
൤െݒ௜௝ ൬ܴܿ௜௝ െ
1
2 ߟ௜௝ ൅ ߘ௜ߘ௝݂൰ െ ߙ௝൫ߙ
כܨ௝ െ ߘ௜݂ܨ௜௝൯
൅ ቀ
ݒ
2
െ ݄ቁ ൬2∆݂ െ |׏݂|ଶ ൅ R െ
1
4
|F|ଶ൰൨ ܸ݀ 
where ߤ௜௝ ൌ ܨ௜௞ܨ௞௝ 
Theorem1.18 (see [9])Given ሺ݃ሺݐሻ, ܣሺݐሻ, ݂ሺݐሻሻ a solution to following system  
                                                   ௗ
ௗ௧
݃௜௝ ൌ െ2ܴܿ௜௝ ൅ ߟ௜௝ െ 2ߘ௜ߘ௝݂ 
                                                    ௗ
ௗ௧
ܣ௜ ൌ െ݀כܨ ൅ ߘ௜݂ܨ௜௝                                          (1.15) 
                                                     ௗ
ௗ௧
݂ ൌ െ∆݂ െ ܴ ൅ ଵ
ଶ
|ܨ|ଶ 
Then the functional ࣠ is monotonically increasing in ݐ. In particular  
݀
݀ݐ ࣠ ൌ න ቆ2 ฬܴܿ௜௝ െ
1
2 ߟ௜௝ ൅ ߘ௜ߘ௝݂ฬ
ଶ
൅ ห݀כܨ െ ߘ௜݂ܨ௜௝ห
ଶ
ቇ
ெ
݁ି௙ܸ݀ ൒ 0 
Definition1.12: (we define a metric on our configuration space to be 
ۃሺ݃ଵ, ܣଵሻ, ሺ݃ଶ, ܣଶሻۄ ൌ න ൫2ሺܣଵ, ܣଶሻ ൅ 2ሺ݃ଵ, ݃ଶሻ൯݁ି௙ܸ݀ 
then the gradient flow of ࣠ becomes (1.15)  
 
Remark1.8 (see [9]) under equations (1.15) we know ௗ
ௗ௧
࣠൫݃ሺݐሻ, ܣሺݐሻ, ݂ሺݐሻ൯ ൒ 0. Equality is 
attained precisely whenܴ௜௝ െ
ଵ
ଶ
ܨ௜௞ܨ௞௝ ൅ ׏௜׏௝݂ ൌ 0 and ݀כܨ௝ െ ߘ௜݂ܨ௜௝ ൌ 0 i.e.  When ሺ݃, ܣሻ is a 
steady gradient Ricci Yang-Mills soliton. 
  
Remark1.9 The solutions to equations (1.15) are equivalent to the system 
                                                           ௗ
ௗ௧
݃௜௝ ൌ െ2ܴܿ௜௝ ൅ ܨ௜௞ܨ௝௞ 
                                                            ௗ
ௗ௧
ܣ௜ ൌ െ݀כܨ௜                                    (1.16) 
                                                             ௗ
ௗ௧
݂ ൌ െ∆݂ ൅ |׏݂|ଶ െ ܴ ൅ ଵ
ଶ
|ܨ|ଶ 
corollary 1.3 under equations (1.16) 
݀
݀ݐ ࣠൫݃
ሺݐሻ, ܣሺݐሻ, ݂ሺݐሻ൯ ൒ 0 
 
Proposition1.5 (see[9])there exists a unique minimizer ݂ of ࣠ሺ݃, ܽ, ݂ሻ subject to the constraint 
න ݁ି௙ܸ݀ ൌ 1 
Definition 1.13according to this proposition we can then define  
ߣሺ݃, ܣሻ ൌ ݂݅݊ ቊ࣠ሺ݃, ܣ, ݂ሻ: ݂ א ܥஶ, න ݁ି௙ܸ݀ ൌ 1ቋ 
 
Proposition1.6 (see [9]) if ሺ݃ሺ. ሻ, ܣሺ. ሻሻ is a solution to the Ricci Yang - Mills flow, then 
ߣሺ݃ሺݐሻ, ܣሺݐሻሻ is non - decreasing in time.  
 
Remark1.10 (see [9]) the minimum value of ߣሺ݃, ܣሻ is equal to ߣଵሺ݃, ܣሻ, where ߣଵሺ݃, ܣሻ is the 
smallest eigenvalue of the elliptic operator െ4∆ ൅ ܴ െ ଵ
ସ
|ܨ|ଶ. 
 
Then the minimizer, ଴݂, of ࣠ satisfies the Euler - Lagrange equation   
ߣሺ݃, ܣሻ ൌ 2∆ ଴݂ െ |׏ ଴݂|ଶ ൅ ܴ െ
1
4
|ܨ|ଶ 
Definition1.14 A solution ሺ݃ሺݐሻ, ܣሺݐሻሻ to the Ricci Yang -Mills flow is called a breather if there 
exist times ݐଵ ൏ ݐଶ, a constant ߙ, and a diffeomorphism ߮: ܯ ՜ ܯ such that  
݃ሺݐଶሻ ൌ ߙ߶כ݃ሺݐଵሻ,ܣሺݐଶሻ ൌ ߙ߶כܣሺݐଵሻ 
ߙ ൐ 1, ߙ ൏ 1 ܽ݊݀ ߙ ൌ 1 correspond to ሺ݃ሺݐሻ, ܣሺݐሻሻ being a expanding, shrinking or steady 
breather respectively. 
 
Theorem1.19(see[9]) let ሺܯ௡, ݃ሺݐሻ, ܣሺݐሻሻ be a solution to the Ricci Yang-Mills flow on a closed 
manifold. if there exist ݐଵ ൏ ݐଶ with ߣሺ݃ሺ ݐଵሻ, ܣሺ ݐଵሻሻ  ൌ  ߣሺ݃ሺݐଶ ሻ, ܣሺݐଶ ሻሻ then ሺ݃ሺݐሻ, ܣሺݐሻሻ is a 
steady gradient Ricci Yang-Mills soliton, which must have |ܨ|ଶ ൌ  0 and be scalar flat.   
 
Definition 1.15(see[9])we define  
ࣱሺ݃, ܣ, ݂, ߬ሻ ൌ න ൬߬ ൬|׏݂|ଶ ൅ ܴ ൅
1
4
|ܨ|ଶ൰ ൅ ݂ െ ݊൰ ሺ4ߨ߬ሻ
ି௡
ଶ ݁ି௙ܸ݀
ெ
 
where ߬ ൌ ܶ െ ݐ and ሺ݃ሺݐሻ, ܣሺݐሻሻ is a  solution to Ricci Yang - Mills flow which exists on a 
maximal time interval of the form ሾ0, ܶሿ where ܶ ൏ ∞.   
 
Theorem1.20(see[9]) let ݒ௜௝ ൌ ߜ݃௜௝, ߜܣ௜ ൌ ߙ௜, ߜ݂ ൌ ݄ and ߜ߬ ൌ ߪ.Then 
ߜࣱሺݒ, ߙ, ݄, ߪሻ ൌ න ሺ4ߨ߬ሻ
ି௡
ଶ ݁ି௙ܸ݀ ൤ߪ ൬|׏݂|ଶ ൅ ܴ ൅
1
4
|ܨ|ଶ൰ െ ߬ݒ௜௝ ൬ܴܿ௜௝ ൅
1
2 ߟ௜௝ ൅ ׏୧׏୨݂൰ெ
െ ߬ߙ௝൫݀כܨ௝ െ ߘ௜݂ܨ௜௝൯ ൅ ݄
൅ ൤߬ ൬2∆݂ െ |׏݂|ଶ ൅ ܴ െ
1
4
|ܨ|ଶ൰ ൅ ݂ െ ݊൨ ቀ
ݒ
2 െ ݄ െ
݊ߪ
2߬ቁ
൨ 
Remark 1.11(see[9]) Consider the following system of equations  
                                                           ௗ
ௗ௧
݃௜௝ ൌ െ2 ቀܴܿ௜௝ െ
ଵ
ଶ
ߟ௜௝ ൅ ׏୧׏୨݂ቁ  
                                                            ௗ
ௗ௧
ܣ௜ ൌ െ݀כܨ௜ ൅ ߘ௜݂ܨ௜௝ 
                                                             ௗ
ௗ௧
݂ ൌ െ∆݂ െ ܴ ൅ ଵ
ଶ
|ܨ|ଶ ൅ ௡
ଶఛ
 
                                                 ௗ
ௗ௧
߬ ൌ െ1 
for a solution to this system we have 
ࣱ݀
݀ݐ
ൌ න ቈ2߬ ฬܴܿ௜௝ െ
1
2߬
݃௜௝ ൅ ׏୧׏୨݂ฬ
ଶ
൅ ߬ห݀כܨ௝ ൅ ߘ௜݂ܨ௜௝ห
ଶ ൅
1
4
|ܨ|ଶ
ெ
െ
1
2 ߬
|ߟ|ଶ൨ ሺ4ߨ߬ሻ
ି௡
ଶ ݁ି௙ ܸ݀ 
Definition1.15(see[9]) let ሺܯ, ݃ሺݐሻ, ܣሺݐሻሻ be a solution to RYM-flow which exists on a maximal 
time interval ܶ ൏∞. ሺܯ, ݃ሺݐሻ, ܣሺݐሻሻ is a low - energy solution if  
lim
௧՜்
ሺܶ െ ݐሻ |ܨ|஼బሺெ೟ሻ
ଶ ൌ 0 
So according to this Definition we get the following corollary. 
 
Corollary1.4 (see[9]) Let  ሺܯ, ݃ሺݐሻ, ܣሺݐሻሻ be a low energy solution to RYM flow on ሾ0, ܶሻthen 
there exists ݐ଴ ൏ ܶ such that for all ݐ଴ ൑ ݐ ൏ ܶ, we have  
ࣱ݀
݀ݐ ൒ 0 
Definition 1.16Given ሺܯ, ݃, ܣሻ at ݐ א ܴ let  
ߤሺ݃, ܣ, ߬ሻ ൌ inf
௙
ቊࣱሺ݃, ܣ, ݂, ߬ሻ| න ሺ4ߨ߬ሻ
ି௡
ଶ
ெ
݁ି௙ܸ݀ ൌ 1ቋ 
 
Corollary (see[9])let ሺܯ, ݃ሺݐሻ, ܣሺݐሻሻ be a low - energy solution to RYM flow on ሾ0, ܶሻ. Then 
there exists ݐ଴ ൏ ܶ such that for all ݐ଴ ൑ ݐ ൏ ܶ we have  
ௗఓ
ௗ௧
൒ 0. 
 
2. Perelman Reduced volume and reduced length 
 
In this section we discuss Perelman’s notions of the ࣦ െlength in the context of Ricci flows. This 
is a functional defined on paths in space –time parametrized by backward time, denoted ߬.The 
main purpose of this section is to use the Li-Yau-Perelman distance to define the Perelman’s 
reduced volume, which was introduced by Perelman, and prove the monotonicity property of the 
reduced volume under the Ricci flow. The reduced distance, i.e. the ݈ െfunction. The ݈ െfunction 
is defined in terms of a natural curve energy along the Ricci flow ,which is analogous to the 
classical curve energy employed in the study of geodesics ,but involves the evolving metric .as 
well as the scalar curvature as a potential term. There are two applications of this theory of 
Perelman .We use the theory of ࣦ െgeodesics and the associated notion of reduced volume to 
establish non-collapsing results .The second application will be to ߢ െnon-collapsed solutions of 
bounded non-negative curvature . 
Perelman reduced distance 
Definition2.1: suppose that either ܯ is compact or ݃௜௝ሺ߬ሻ are complete and have uniformly 
bounded curvature .The ࣦ െlength of a smooth space curve ߛ: ሾ߬ଵ, ߬ଶሿ ՜ ܯ is defined by  
ࣦሺߛሻ ൌ ׬ √߬൫ܴ൫ߛሺ߬ሻ൯ ൅ |ߛሶሺ߬ሻ|ଶሻ൯݀߬
ఛమ
ఛభ
       (2.1) 
Where ߬ ൌ ߬ሺݐሻsatisfying ௗఛ
ௗ௧
ൌ െ1 and the scalar curvature ܴሺߛሺ߬ሻሻ and the norm |ߛሶ ሺ߬ሻ| are 
evaluated using the metric at time ݐ ൌ ݐ଴ െ ߬. 
We consider an 1-parameter family of curves ߛ௦: ሾ߬ଵ, ߬ଶሿ ՜ ܯ parameterized by ݏ א ሺെߝ, ߝሻ 
.Equivalently, We have a map ߛ෥ ሺݏ, ߬ሻ with ݏ א ሺെߝ, ߝሻ and ߬ א ሾ߬ଵ, ߬ଶሿ .Putting ܺ ൌ
డ ఊ෥
డ ఛ
  and 
ܻ ൌ డ ఊ෥
డ ௦
  ,We have ሾܺ, ܻሿ ൌ 0 .(Because ߘ௑ܻ െ ߘ௒ܺ െ ሾܺ, ܻሿ ൌ 0).This implies that ߘ௑ܻ ൌ ߘ௒ܺ . 
Writing ߜ௒ as shorthand for 
ௗ
ௗ௦
ቚ
௦ୀ଴
,and restricting to the curve ߛሺ߬ሻ ൌ  ߛ෥ ሺ0, ߬ሻ .we have 
ሺߜ௒ܻሻሺ߬ሻ ൌ ܻሺ߬ሻ  and ሺߜ௒ܺሻሺ߬ሻ ൌ ሺߘ௑ܻሻሺ߬ሻ .Set ݏ ൌ √߬ one sees immediately with respect to 
the variable ݏ . 
The ࣦ െ functional is  
ࣦሺߛሻ ൌ ׬ ቆଵଶ ቚ
ௗఊ
ௗ௦
ቚ
ଶ
൅ 2ݏଶܴ൫ߛሺݏሻ൯ቇ ݀ݏ√ఛమ
√ఛభ
       (2.2) 
Remark2.2(ࣦ on Riemannian Products) suppose that we are given a Riemannian product 
solution ቀ ଵܰ
௡భ ൈ ଶܰ
௡మ, ݄ଵሺ߬ሻ ൅ ݄ଶሺ߬ሻቁto the backward Ricci flow and a ܥଵ െPath ߛ ൌ
ሺߙ, ߚሻ: ሾ߬ଵ, ߬ଶሿ ՜ ଵܰ ൈ ଶܰ  so ࣦ௛భା௛మሺߛሻ ൌ ࣦ௛భሺߙሻ ൅ ࣦ௛మሺߚሻ. 
Example suppose that Ricci flow is a constant family of Euclidean metrics on ܴ௡ ൈ ሾ0, ܶሿ. Then 
we have ܴ൫ߛሺ߬ሻ൯ ൌ 0 .So according to (2.2) we get  
ࣦሺߛሻ ൌ
1
2 න √߬ ฬ
݀ߛ
݀߬ฬ
ଶ
݀
ఛ
଴
߬ 
If we change ൌ √߬ , ௗఊௗఛ ൌ
ଵ
ଶ√ఛ
ௗఊ
ௗ௦
 , ݀߬ ൌ 2ݏ݀ݏ  
ࣦሺߛሻ ൌ
1
2
න ݏ
1
4ݏଶ ฬ
݀ߛ
݀ݏฬ
ଶ
2ݏ݀ݏ
௦మ
଴
ൌ
1
2
න ฬ
݀ߛ
݀ݏฬ
ଶ
݀
௦మ
଴
ݏ 
So we arrive to (2.2) formula. 
First variation formulae for ख െgeodesics  
At first recall the classical variation formulae that give the first derivative of the metric function 
݀ሺݔ଴, ݔሻon a Riemannian manifold ሺܯ, ݃ሻ. 
Let ߛ: ሾ0,1ሿ ՜ ܯ ranges over all ܥଵ െCurves from ݔ଴ to ݔ ,and the Dirichlet energy ܧሺߛሻ of the 
curve is given by the formula  
ܧሺߛሻ ൌ
1
2
න |ܺ|௚ଶ ݀
ଵ
଴
ݐ     ݓ݄݁ݎ݁ ܺ ൌ
߲ߛ
߲ݐ
  
We know that the distance ݀ሺݔ଴, ݔሻ on a Riemannian manifold ሺܯ, ݃ሻ can be defined by the 
energy-minimisation formula  
ଵ
ଶ
݀ሺݔ଴, ݔሻଶ ൌ infఊ ܧሺߛሻ    (2.3) 
Also if ߛ: ሾ0, ݐሿ ՜ ܯ, ߛሺ0ሻ ൌ ݌, , ߛ൫ݐ൯ ൌ ݍ 
݂݅݊൛ܧሺ ߛሻ| ߛ: ሾ0, ݐሿ ՜ ܯ, ߛሺ0ሻ ൌ ݌, , ߛ൫ݐ൯ ൌ ݍൟ ൌ
݀ଶሺ݌, ݍሻ
ݐ
 
Lemma 2.1The first variation formula for Dirichlet energy ܧሺ ߛሻis  
ௗ
ௗ௦
ܧሺ ߛሻ ൌ ۃܺ, ܻۄ|௧ୀ଴ଵ െ ׬ ۃܺ, ׏ଢ଼Yۄ݀ݐ
ଵ
଴    (2.4) 
Proof: consider ܦ௧ܺ means ܦ௧ܺ ൌ ׏ ಢ
ಢ౪
ܺ and ܺ ൌ డఊ
డ ௦
  , ߛሶ ൌ డఊ
డ௧
 . 
                                       ߜܧሺ ߛሻ ൌ ߜ ଵ
ଶ ׬ ۃߛሶ , ߛሶ ۄ݀ݐ
ଵ
଴   
                                                    ൌ ଵ
ଶ
డ
డ ௦
ቚ
௦ୀ଴
׬ ۃడఊడ ௧ ,
డఊ
డ ௧
ۄ dtଵ଴    
                                                          ൌ ଵ
ଶ ׬ ۃܦ௦ ቀ
డఊ
డ ௧
ቁ , డఊ
డ ௧
ۄ ൅ ۃడఊ
డ ௧
, ܦ௦ ቀ
డఊ
డ ௧
ቁۄ dtଵ଴   
                                                    ൌ ׬ ۃܦ௦ ቀ
డఊ
డ ௧
ቁ , డఊ
డ ௧
ۄ dtଵ଴  
                                                    ൌ ׬ ۃܦ௧ܺ, ߛሶ ۄdt
ଵ
଴   
With integration by parts we get  
         ൌ ۃܺ, ߛሶ ۄ|଴ଵ െ න ۃܺ, ܦ௧ߛሶ ۄdt
ଵ
଴
 
       ൌ ۃܺ, ܻۄ|଴ଵ െ න ۃܺ, ׏ଢ଼Yۄ
ଵ
଴
 
Remark2.3 if we fix the end points of ߛ ,then the first term of the right hand side of (2.4) vanishes 
.If we consider arbitrary variations ܺ of ߛ with fixed end points,we thus conclude that in order to 
be a minimiser for (2.3),that ߛ must obey the geodesic flow equation  
ߘ௒ܻ ൌ 0 
Now we develop analogous variational formulae for ࣦ െlength (reduced distance)on Ricci flow  
Theorem 2.1(Perelman [5]) the first variation formula for ࣦ െlength is 
ߜ௒ሺࣦሻ ൌ 2√߬ۃܺ, ܻۄหఛభ
ఛమ ൅ ׬ √߬ ۃܻ, ׏ܴ െ 2׏ଡ଼ܺ െ 4ܴ݅ܿሺ. , ܺሻ െ
ଵ
ఛ
ܺۄ ݀߬ఛమఛభ      (2.5) 
Where ۃ. , . ۄ denotes the inner product with respect to the metric݃௜௝ሺ߬ሻ. 
Proof let ܺሺ߬ሻ ൌ ߛሶሺ߬ሻ,so according to (2.1) we obtain  
ߜ௒ሺࣦሻ ൌ න √߬ሺ׏ଢ଼ܴ ൅ 2ۃ׏ଡ଼ܻ, ܺۄሻ݀߬
ఛమ
ఛభ
 
                                                          ൌ ׬ √߬ሺۃ׏ܴ, ܻۄ ൅ 2ۃ׏ଡ଼ܻ, ܺۄሻ݀߬
ఛమ
ఛభ
 
Because డఛ
డ௧
ൌ െ1 so ௗ௚೔ೕ
ௗఛ
ൌ 2ܴ௜௝ ,using this fact we get  
ௗۃ௒,௑ۄ
ௗఛ
ൌ ۃߘ௑ܻ, ܺۄ ൅ ۃܻ, ߘ௑ܺۄ ൅ 2ܴ݅ܿሺܻ, ܺሻ    (2.6) 
Because we can break ௗۃ௒,௑ۄ
ௗఛ
 into two parts :first assumes that the metric is constant and the 
second deals with the variation with ߬ of the metric .The first contribution is the usual formula  
݀ۃܻ, ܺۄ
݀߬
ൌ ۃߘ௑ܻ, ܺۄ ൅ ۃܻ, ߘ௑ܺۄ 
We show last term in equation (2.6) is that come from differentiating the metric with respect to ߬ 
and Ricci flow equation we get 
݀ۃܻ, ܺۄ
݀߬ ൌ 2ܴ݅ܿሺܻ, ܺሻ 
So we arrive to equality of (2.6) 
We continue the proof of (2.5) 
න √߬ሺۃܻ, ׏ܴۄ ൅ 2ۃ׏ଡ଼ܻ, ܺۄሻ݀߬ ൌ
ఛమ
ఛభ
 
                          ൌ න √߬ ቆۃܻ, ׏ܴۄ ൅ 2
݀ۃܻ, ܺۄ
݀߬ െ 2
ۃܻ, ׏ଡ଼ܺۄ െ 4ܴ݅ܿሺܻ, ܺሻቇ ݀߬
ఛమ
ఛభ
 
                            ൌ 2√߬ۃܺ, ܻۄหఛభ
ఛమ ൅ න √߬ ۃܻ, ׏ܴ െ 2׏ଡ଼ܺ െ 4ܴ݅ܿሺܺ, . ሻ െ
1
߬ ܺ
ۄ ݀߬
ఛమ
ఛభ
 
Lemma2.2 (Perelman) we consider a variation ߛሺ߬, ݏሻwith fixed endpoints, so that ܻሺ߬ଵሻ ൌ
ܻሺ߬ଶሻ ൌ 0.so from (2.5) the ࣦ െshortest geodesic ߛሺ߬, ݏሻ for ߬ א ሾ߬ଵ, ߬ଶሿ satisfies the following 
ࣦ െ geodesic equation a 
׏ଡ଼ܺ െ
ଵ
ଶ
׏ܴ ൅ ଵ
ଶఛ
ܺ ൅ 2ܴ݅ܿሺܺ, . ሻ ൌ 0   (2.7) 
This equation is called Euler-Lagrange Equation. 
Therefore we can say for any ߬ଶ ൐ ߬ଵ ൐ 0 ,there is always an ࣦ െgeodesic ߛሺ߬ሻ for ߬ א ሾ߬ଵ, ߬ଶሿ . 
Written with respect to the variable ݏ ൌ √߬ the ࣦ െgeodesic equation becomes  
׏௑෠ ෠ܺ െ 2ݏଶ׏ܴ ൅ 4ݏܴ݅ܿ൫ ෠ܺ, . ൯ ൌ 0 
Where ෠ܺ ൌ ௗఊ
ௗ௦
ൌ 2ݏܺ  
Lemma2.3(Perelman) let ߛ: ሾ߬ଵ, ߬ଶሿ ՜ ܯbe an ࣦ െgeodesic. Then limఛ՜଴ √߬ܺሺ߬ሻ exists. 
Proof: multiplying the ࣦ െgeodesic equation (2.7) by √߬ , we get  
׏ଡ଼൫√߬ ܺ൯ ൌ
√ఛ
ଶ
׏ܴ െ 2√߬ ܴ݅ܿሺܺ, . ሻ On    ሾ߬ଵ, ߬ଶሿ 
or equivalently  
ௗ
ௗఛ
൫√߬ ܺ൯ ൌ √ఛଶ ߘܴ െ 2 ܴ݅ܿ൫√߬ܺ, . ൯ On        ሾ߬ଵ, ߬ଶሿ 
Thus if a continuous curve ,defined on ሾ߬ଵ, ߬ଶሿ ,satisfies the ࣦ െgeodesic equation on every 
subinterval 0 ൏ ߬ଵ ൑ ߬ ൑ ߬ଶ ,then √߬ଵܺሺ߬ଵሻhas a limit as ߬ଵ ՜ 0ା. 
Remark2.4 for a fixed  ݌ א ܯ,by taking ߬ଵ ൌ 0 and ߛሺ0ሻ ൌ ݌ ,the vector ݒ ൌ limఛ՜଴ √߬ܺሺ߬ሻ is 
well-defined in ௉ܶܯ .The ࣦ െ exponential map ࣦ݁ݔ݌ఛ: ௉ܶܯ ՜ ܯ sends ݒ to ߛሺ߬ሻ. 
Note that for any vector ݒ א ௉ܶܯ  ,we can find an ࣦ െgeodesic ߛሺ߬ሻwith limఛ՜଴శ √߬ߛሶሺ߬ሻ ൌ ݒ . 
Now we give an Estimate for speed of ࣦ െgeodesics  
Theorem(see[4])2.2: letሺܯ௡, ݃ሺ߬ሻሻ, ߬ א ሾ0, ܶሿ,be a solution to the backward Ricci flow with 
bounded sectional curvature and ݉ܽݔሼ|ܴ݉|, |ܴܿ|ሽ ൑ ܥ଴ ൏ ∞ on ܯ ൈ ሾ0, ܶሿ.There exists a 
constant ܥሺ݊ሻ ൏ ∞ depending only on ݊ such that given 0 ൑ ߬ଵ ൑ ߬ଶ ൏ ܶ,if ߛ: ሾ߬ଵ, ߬ଶሿ ՜ ܯis an 
ࣦ െgeodesic with  
lim
ఛ՜ఛభ
√߬
݀ߛ
݀߬
ሺ߬ሻ ൌ ݒ א ఊܶሺఛభሻܯ 
Then for any א ሾ߬ଵ, ߬ଶሿ , 
߬ ฬ
݀ߛ
݀߬ ሺ߬ሻฬ௚ሺఛሻ
ଶ
൑ ݁଺஼బ்|ݒ|ଶ ൅
ܥሺ݊ሻܶ
݉݅݊൛ܶ െ ߬ଶ, ܥ଴ିଵൟ
ሺ݁଺஼బ் െ 1ሻ 
Where |ݒ|ଶ ൌ |ݒ|௚ሺఛభሻ
ଶ  . 
Also we give a lemma about existence of ࣦ െgeodesics between any two space-time endpoints . 
Lemma2.4(see[5]) letሺܯ௡, ݃ሺ߬ሻሻ, ߬ א ሾ0, ܶሿ, be a complete solution to the backward Ricci flow 
with bounded sectional curvature .Given ݌, ݍ א ܯ and 0 ൏ ߬ଵ ൑ ߬ଶ ൏ ܶ,There exists a smooth 
path ߛሺ߬ሻ: ሾ߬ଵ, ߬ଶሿ ՜ ܯ from ݌ to ݍ such that ߛ has the minimal of ࣦ െlength among all such 
paths .Furthermore ,all ࣦ െlength minimizing paths are smooth ࣦ െgeodesics. 
Corollary2.1 (see[8]):if we extend the curve ߛ for piecewise smooth curves (where  0 ൑ ߬ଵ ൏
߬ଶ ൑ ݐ଴ )then for first variation formula of breaking points ߬଴′ ൌ ߬ଵ ൏ ߬ଶ′ ൏ ڮ ൏ ߬௞′ ൌ ߬ଶ ,we 
have  
ߜ൫ࣦሺߛሻ൯ ൌ
׬ √߬ ۃ׏ܴ െ 2׏ଡ଼ܺ െ 4ܴ݅ܿሺܺሻ െ
ଵ
ఛ
ܺ, ܻۄ ݀߬ ൅ 2√߬ۃܺ, ܻۄఛหఛభ
ఛమఛమ
ఛభ
൅ ∑ 2ඥ߬௜′ۃܺିሺ߬௜′ሻ െ௞ିଵ௜ୀଶ
ܺାሺ߬௜′ሻ, ܻሺ߬௜′ሻۄఛ೔′  
Definition2.2: Fixing a point ݌ ,we denote by ܮሺݍ, ߬ሻ the  ࣦ െlength of the ࣦ െshortest curve 
ߛሺ߬ሻ ,0 ൑ ߬ ൑ ߬ ,joining ݌ and ݍ .In other words  
ܮሺݍ, ߬ሻ ൌ ݂݅݊ሼࣦሺߛሻ|ߛ: ሾ0, ߬ሿ ՜ ܯ ݓ݅ݐ݄ ߛሺ0ሻ ൌ ݌  , ߛሺ߬ሻ ൌ ݍ   ሽ 
Theorem2.3 (Perelman[5]) suppose that  
ܪሺܺሻ ൌ െ
߲ܴ
߲߬ െ
ܴ
߬ െ 2
ۃ׏ܴ, ܺۄ ൅ 2ܴ݅ܿሺܺ, ܺሻ 
And  
ܭ ൌ න ߬
ଷ
ଶ
ఛ
଴
ܪሺܺሻ݀߬ 
Then  
a) |׏ܮ|ଶ ൌ െ4ܴ߬ ൅ ଶ
√ఛ
ܮ െ ସ
√ఛ
ܭ  
b) డ௅
డఛ
ൌ 2√ܴ߬ െ ଵ
ଶఛ
ܮ ൅ ଵ
ఛ
ܭ  
Proof: The first variation formula in (2.5) implies that  
׏ଢ଼ܮሺݍ, ߬ሻ ൌ ۃ2ඥ߬ܺሺ߬ሻ, ܻሺ߬ሻۄ 
So ׏ܮሺݍ, ߬ሻ ൌ 2√߬ܺሺ߬ሻ  
At first we prove  
డ௅
డఛ
ሺߛሺ߬ሻ, ߬ሻ ൌ ௗ
ௗఛ
ܮሺߛሺ߬ሻ, ߬ሻቚ
ఛୀఛ
െ ۃ׏ܮ, ܺۄ    ( 2.8) 
Since ߛሺ߬ሻ ൌ െ డ
డ௧
൅ ܺሺ߬ሻ,So the chain rule implies 
݀
݀߬ ܮ
ሺߛሺ߬ሻ, ߬ሻฬ
ఛୀఛ
ൌ
݀
݀߬ ܮ
ሺߛሺ߬ሻ, ߬ሻ ൅ ۃ׏ܮ, ܺۄ 
Therefore we get to (2.8) 
Also from (2.1)and (2.8)we obtain 
߲ܮ
߲߬
ሺߛሺ߬ሻ, ߬ሻ ൌ ඥ߬ሺܴ ൅ |ܺ|ଶሻ െ ۃ׏ܮ, ܺۄ 
And because ׏ܮሺݍ, ߬ሻ ൌ 2√߬ܺሺ߬ሻ so  
߲ܮ
߲߬
ሺߛሺ߬ሻ, ߬ሻ ൌ ඥ߬ሺܴ ൅ |ܺ|ଶሻ െ ඥ߬|ܺ|ଶ 
                                                                  ൌ 2√ܴ߬ െ √߬ሺܴ ൅ |ܺ|ଶሻ    (2.9) 
Now we compute the ൅|ܺ|ଶ . 
According to (2.5) and this fact that ߛ′ሺ߬ሻ ൌ డ
డఛ
൅ ܺሺ߬ሻ,we get  
݀
݀߬
ሺܴሺߛሺ߬ሻ, ߬ሻ ൅ |ܺሺ߬ሻ|ଶሻ ൌ
߲ܴ
߲߬ ൅
ۃ׏ܴ, ܺۄ ൅ |ܺሺ߬ሻ|ଶ  
Also we know |ܺሺ߬ሻ|ଶ ൌ ۃܺሺ߬ሻ, ܺሺ߬ሻۄ  
So from ௗ
ௗఛ
|ܺሺ߬ሻ|ଶ ൌ ௗ
ௗఛ
ۃܺሺ߬ሻ, ܺሺ߬ሻۄ ൌ 2ۃ׏ଡ଼ܺ, ܺۄ ൅ 2ܴ݅ܿሺܺ, ܺሻ 
We get ௗ
ௗఛ
ሺܴሺߛሺ߬ሻ, ߬ሻ ൅ |ܺሺ߬ሻ|ଶሻ ൌ డோ
డ௧
൅ ۃ׏ܴ, ܺۄ ൅ 2ۃ׏ଡ଼ܺ, ܺۄ ൅ 2ܴ݅ܿሺܺ, ܺሻ 
Also we have ׏ଡ଼ܺ ൌ
ଵ
ଶ
׏ܴ െ ଵ
ଶఛ
ܺ െ 2ܴ݅ܿሺܺ, . ሻ so  
݀
݀߬
ሺܴሺߛሺ߬ሻ, ߬ሻ ൅ |ܺሺ߬ሻ|ଶሻ ൌ
߲ܴ
߲ݐ
൅
1
߬
ܴ ൅ 2ۃ׏ܴ, ܺۄ െ 2ܴ݅ܿሺܺ, ܺሻ െ
1
߬
ሺܴ ൅ |ܺ|ଶሻ 
      ൌ െܪሺܺሻ െ
1
߬
ሺܴ ൅ |ܺ|ଶሻ 
So ௗ
ௗఛ
ቆ ߬
య
మሺܴ ൅ |ܺ|ଶሻቇቤ
ఛୀఛ
ൌ ଵ
ଶ
√߬ሺܴ ൅ |ܺ|ଶሻ െ ߬
య
మܪሺܺሻ   
                                            ൌ ଵ
ଶ
ௗ
ௗఛ
ܮሺߛሺ߬ሻ, ߬ሻቚ
ఛୀఛ
െ ߬
య
మܪሺܺሻ 
So  ߬
య
మሺܴ ൅ |ܺ|ଶሻ ൌ ଵ
ଶ
ܮሺݍ, ߬ሻ െ ܭ where  
ܭ ൌ න ߬
ଷ
ଶ
ఛ
଴
ܪሺܺሻ݀߬ 
Therefore by applying |׏ܮ|ଶ ൌ 4߬|ܺ|ଶ ൌ െ4ܴ߬ ൅ 4߬ሺܴ ൅ |ܺ|ଶሻ  we conclude ܽ and ܾ .So proof 
is complete■  
Second variation formulae for ख െgeodesics  
Proposition 2.1If we compute the second variation of energy when ߛ is a geodesic, we get  
݀ଶ
݀ݏଶ ܧ
ሺߛሻ ൌ ۃߘ௒ܻ, ߛۄ|଴ఛ ൅ න ሺۃ׏ଢ଼׏ଢ଼X, Xۄ ൅ ۃ׏ଢ଼ܺ, ׏ଢ଼ܺۄሻ݀ݐ
ఛ
଴
 
Now turn to the second spatial variation of the reduced length. 
Theorem 2.4(Perelman [5]) for any ࣦ െgeodesic ߛ ,we have  
ߜ௒ଶሺࣦሻ ൌ 2√߬ۃߘ௒ܻ, ܺۄ|଴ఛ ൅ ׬ √߬ሾ2|ߘ௑ܻ|ଶ ൅ 2ۃܴሺܻ, ܺሻܻ, ܺۄ ൅ ߘ௒ߘ௒ܴ ൅ 2ߘ௑ܴ݅ܿሺܻ, ܻሻ െ
ఛ
଴
4ߘ௒ܴ݅ܿሺܻ, ܺሻሿ݀߬ . 
Proof to compute the second variation ߜ௒ଶሺࣦሻ.we start the first variation formula . 
We know  
ߜ௒ሺࣦሻ ൌ න √߬ሺ׏ଢ଼ܴ ൅ 2ۃ׏ଡ଼ܻ, ܺۄሻ݀߬
ఛ
଴
 
so                                    ߜ௒ଶሺࣦሻ ൌ ܻ ቀ׬ √߬ሺ׏ଢ଼ܴ ൅ 2ۃ׏ଡ଼ܻ, ܺۄሻ݀߬
ఛ
଴ ቁ 
We know ׏ଢ଼ܴ ൌ ܻܴ ,so ߜ௒ଶሺࣦሻ ൌ ܻ ቀ׬ √߬ሺܻܴ ൅ 2ۃ׏ଡ଼ܻ, ܺۄሻ݀߬
ఛ
଴ ቁ  
                                               ൌ ቆන √߬൫ܻ൫ܻሺܴሻ൯ ൅ 2ۃߘ௒ߘ௑ܻ, ܺۄ ൅ 2|׏ଡ଼ܻ|ଶ൯݀߬
ఛ
଴
ቇ 
Because ׏ଡ଼ܻ ൌ ׏ଢ଼ܺ we get 
                                        ൌ ቀ׬ √߬൫ܻ൫ܻሺܴሻ൯ ൅ 2ۃߘ௒ߘ௑ܻ, ܺۄ ൅ 2|׏ଡ଼ܻ|ଶ൯݀߬
ఛ
଴ ቁ 
Also we know ߘ௑ߘ௒ܼ െ ߘ௒ߘ௑ܼ െ ߘሾ௑,௒ሿܼ ൌ ܴሺܺ, ܻሻܼ  for all vectors ܺ, ܻ, ܼ.so   
2ۃߘ௒ߘ௑ܻ, ܺۄ ൌ 2ۃߘ௑ߘ௒ܻ, ܺۄ ൅ 2ۃܴሺܻ, ܺሻܻ, ܺۄ 
For continuing proof, we prove the following equality  
డ
డఛ
ۃߘ௒ܻ, ܺۄ ൌ ۃߘ௑ߘ௒ܻ, ܺۄ ൅ ۃߘ௒ܻ, ߘ௑ܺۄ ൅ 2ܴ݅ܿሺߘ௒ܻ, ܺሻ ൅ ۃ
డ
డఛ
ߘ௒ܻ, ܺۄ    (2.10) 
We can break డ
డఛ
ۃߘ௒ܻ, ܺۄ into two parts: the first assumes that the metric is constant and the 
second deals with the variation with ߬ of the metric .The first contribution is the usual formula  
߲
߲߬
ۃߘ௒ܻ, ܺۄ ൌ ۃߘ௑ߘ௒ܻ, ܺۄ ൅ ۃߘ௒ܻ, ߘ௑ܺۄ 
This gives the first two terms of the right-hand side of the equation .we show that the last two 
terms in that equation come from differentiating the metric with respect to ߬ .To do this recall 
that in local coordinates ,writing the metric as ݃௜௝ ,we have  
ۃߘ௒ܻ, ܺۄ ൌ ݃௜௝൫ܻ௞߲௞ܻ௜ ൅ ߁௞௟௜ ܻ௞ܻ௟൯ܺ௝ 
There are two contributions coming from differentiating the metric with respect to ߬ .The first  is 
when we differentiate ݃௜௝ .This leads to  
2ܴ݅ܿ௜௝൫ܻ௞߲௞ܻ௜ ൅ ߁௞௟௜ ܻ௞ܻ௟൯ܺ௝ ൌ 2ܴ݅ܿሺߘ௒ܻ, ܺሻ 
The other contribution is from differentiating the Christoffel symbols .This yields  
݃௜௝
߲߁௞௟௜
߲߬
ܻ௞ܻ௟ܺ௝ 
Differentiating the formula ߁௞௟௜ ൌ
ଵ
ଶ
݃௦௜ሺ߲௞݃௦௟ ൅ ߲௟݃௦௞ െ ௦߲݃௞௟ሻ leads to   
݃௜௝
߲߁௞௟௜
߲߬
ൌ െ2ܴ݅ܿ௜௝߁௞௟௜ ൅ ݃௜௝݃௦௜ሺ߲௞ܴ݅ܿ௦௟ ൅ ߲௟ܴ݅ܿ௦௞ െ ௦߲ܴ݅ܿ௞௟ሻ 
ൌ െ2ܴ݅ܿ௜௝߁௞௟௜ ൅ ߲௞ܴ݅ ௝ܿ௟ ൅ ߲௟ܴ݅ ௝ܿ௞ െ ௝߲ܴ݅ܿ௞௟ 
Thus, we have  
݃௜௝
߲߁௞௟௜
߲߬
ܻ௞ܻ௟ܺ௝ ൌ ൫െ2ܴ݅ܿ௜௝߁௞௟௜ ൅ ߲௞ܴ݅ ௝ܿ௟൯ܻ௞ܻ௟ܺ௝ 
ൌ ߘ௑ܴ݅ܿሺܻ, ܻሻ 
so we obtain  
2ۃߘ௒ߘ௑ܻ, ܺۄ ൌ 2
݀
݀߬
ۃ׏ଢ଼ܻ, ܺۄ െ 4ܴ݅ܿሺߘ௒ܻ, ܺሻ െ 2ۃ׏ଢ଼ܻ, ׏ଡ଼ܺۄ െ 2 ۃ
߲
߲߬ ׏ଢ଼ܻ, ܺ
ۄ ൅ 2ۃߘ௑ߘ௒ܻ, ܺۄ
൅ 2ۃܴሺܻ, ܺሻܻ, ܺۄ 
also we can compute  
ۃ డ
డఛ
ߘ௒ܻ, ܺۄ ൌ 2ሺߘ௒ܴ݅ܿሻሺܻ, ܺሻ െ ሺߘ௑ܴ݅ܿሻሺܻ, ܻሻ    (2.11) 
hence from (2.10) and (2.11)we get  
డ
డఛ
ۃߘ௒ܻ, ܺۄ ൌ ۃߘ௑ߘ௒ܻ, ܺۄ ൅ ۃߘ௒ܻ, ߘ௑ܺۄ ൅ 2ܴ݅ܿሺߘ௒ܻ, ܺሻ ൅ 2ሺߘ௒ܴ݅ܿሻሺܻ, ܺሻ െ ሺߘ௑ܴ݅ܿሻሺܻ, ܻሻ                                
(2.12) 
Suppose ܻሺ0ሻ ൌ 0 and the fact that √߬ܺሺ߬ሻhas a limit as ߬ ՜ 0 are used to get the third equality 
below .So applying (2.12) and integrating by parts, we arrive 
ߜ௒ଶ൫ࣦሺߛሻ൯ ൌ ቀ׬ √߬൫ܻ൫ܻሺܴሻ൯ ൅ 2ۃܴሺܻ, ܺሻܻ, ܺۄ ൅ 2|׏ଢ଼ܺ|ଶ൯݀߬
ఛ
଴ ቁ ൅ 2 ׬ √߬ ൬
డ
డఛ
ۃߘ௒ܻ, ܺۄ െ
ఛ
଴
ۃߘ௒ܻ, ߘ௑ܺۄ െ 2ܴ݅ܿሺ׏ଢ଼ܻ, ܺሻ െ 2ሺߘ௒ܴ݅ܿሻሺܻ, ܺሻ ൅ ሺߘ௑ܴ݅ܿሻሺܻ, ܻሻ൰ ݀߬  
                                
ൌ
ቀ׬ √߬൫ܻ൫ܻሺܴሻ൯ ൅ 2ۃܴሺܻ, ܺሻܻ, ܺۄ ൅ 2|׏ଢ଼ܺ|ଶ൯݀߬
ఛ
଴ ቁ ൅   2 ׬ √߬൫െۃߘ௒ܻ, ߘ௑ܺۄ െ 2ܴ݅ܿሺ׏ଢ଼ܻ, ܺሻ െ
ఛ
଴
 2ሺߘ௒ܴ݅ܿሻሺܻ, ܺሻ ൅ ሺߘ௑ܴ݅ܿሻሺܻ, ܻሻ൯݀߬ ൅ 2√߬ۃߘ௒ܻ, ܺۄห଴
ఛ
െ ׬ ଵ
√ఛ
ఛ
଴ ۃߘ௒ܻ, ܺۄ݀߬ ൌ 2√߬ۃߘ௒ܻ, ܺۄ ൅
ቀ׬ √߬൫ܻ൫ܻሺܴሻ൯ െ ߘ௒ܻ. ߘܴ ൅ 2ۃܴሺܻ, ܺሻܻ, ܺۄ ൅ 2|׏ଢ଼ܺ|ଶ൯
ఛ
଴ ቁ  ݀߬ ൅ 2 ׬ √߬ ൬െ ۃ׏ଢ଼ܻ, ቂ׏ଡ଼ܺ ൅
ఛ
଴
2ܴ݅ܿሺܺሻ െ ଵ
ଶ
׏ܴ ൅ ଵ
ଶఛ
ܺቃۄ െ 2 ሺߘ௒ܴ݅ܿሻሺܻ, ܺሻ ൅ ሺߘ௑ܴ݅ܿሻሺܻ, ܻሻ൰ ݀߬ ൌ 2√߬ۃߘ௒ܻ, ܺۄ ൅
ቀ׬ √߬൫׏ଢ଼,ଢ଼ଶ ܴ ൅ 2ۃܴሺܻ, ܺሻܻ, ܺۄ ൅ 2|׏ଢ଼ܺ|ଶ൯݀߬
ఛ
଴ ቁ ൅
׬ √߬൫െ4ሺ׏ଢ଼ܴ݅ܿሻሺܻ, ܺሻ ൅ 2ሺ׏ଡ଼ܴ݅ܿሻሺܻ, ܻሻ൯݀߬
ఛ
଴  
Because we know ׏ଡ଼ܺ െ
ଵ
ଶ
׏ܴ ൅ ଵ
ଶఛ
ܺ ൅ 2ܴ݅ܿሺܺ, . ሻ ൌ 0 and ܪ݁ݏݏሺ݂ሻሺܺ, ܻሻ ൌ ߘ௑ߘ௒ሺ݂ሻ െ
ߘఇ೉௒ሺ݂ሻ,so proof is complete ■  
ख and Riemannian distance 
 
Theorem2.5 (see[8]) let ߛ: ሾ0, ߬ሿ ՜ ܯ , ߬ א ሺ0, ܶሿ,be a ܥଵ െpath starting at ݌ and ending at q. 
i) (bounding Riemannian distance by ࣦ  )for any ߬ א ሾ0, ߬ሿ we have  
 
݀௚ሺ଴ሻଶ ሺ݌, ߪሺ߬ሻሻ ൑ 2√߬݁ଶ஼బఛ ൬ࣦሺߛሻ ൅
2݊ܥ଴
3 ߬
ଷ
ଶ൰ 
Where ൫ܯ௡, ݃ሺ߬ሻ൯, ߬ א ሾ0, ܶሿ  , denote a complete solution to the backward Ricci flow, and 
݌ א ܯ shall be a base point .also we assume the curvature bound  
max
ሺ௫,௧ሻאெൈሾ଴,்ሿ
ሼ|ܴ݉ሺݔ, ߬ሻ|, |ܴܿሺݔ, ߬ሻ|ሽ ൑ ܥ଴ ൏ ∞ 
Remark for i) when M is noncompact .from i) we conclude for any ߬ א ሺ0, ܶሿ . 
lim
௤՜ஶ
ܮሺݍ, ߬ሻ: ൌ lim
௤՜ஶ
2ඥ߬ܮሺݍ, ߬ሻ ൌ ∞ 
ii) (bounding speed at some time by ࣦ ) there exists ݐכ א ሺ0, ߬ሻ such that  
 
߬כ ቚ
డఊ
డఛ
ሺ߬כሻቚ
௚ሺఛכሻ
ଶ
ൌ ቚడఉ
డఙ
ሺߪכሻቚ
௚ሺఛכሻ
ଶ
൑ ଵ
ଶ√ఛ
ࣦሺߛሻ ൅ ௡஼బ
ଷ
߬  
Where ሺߪሻ ؔ ߛሺ߬ሻ , ߪ ൌ 2√߬ ,and ߪכ ൌ 2√߬כ . 
iii) (bounding L by Riemannian distance) for any ݍ א ܯ and ߬ ൐ 0  
ܮሺݍ, ߬ሻ ൑ ݁ଶ஼బఛ
݀௚ሺఛሻ
ଶ ሺ݌, ݍሻ
2√߬
൅
2݊ܥ଴
3
߬
ଷ
ଶ 
 For proof of this theorem, we start with a remark 
Remark 2.5: for ߬ଵ ൏ ߬ଶ and ݔ א ܯ  
݁ିଶ஼బሺఛమିఛభሻ݃ሺ߬ଶ, ݔሻ ൑ ݃ሺ߬ଵ, ݔሻ ൑ ݁ଶ஼బሺఛమିఛభሻ݃ሺ߬ଶ, ݔሻ 
Proof  i)  suppose ߪ ൌ 2√߬ and ߚሺ ߪሻ ؔ ߛሺ߬ሻ .At first we compute  
න ฬ
߲ߚ
߲ߪ
ሺߪሻฬ
ଶ
݀
ଶ√ఛ
଴
ߪ ൌ ࣦሺߛሻ െ න ฬ
߲ߚ
߲ߪ
ሺߪሻฬ
௚ቆఙ
మ
ସ ቇ
ଶ
݀ߪ െ න ඥܴ߬ሺߛሺ߬ሻ, ߬ሻ
ఛ
଴
√ఛ
ଶ√ఛ
݀߬ ൑ ࣦሺߛሻ ൅
2݊ܥ଴
3 ߬
ଷ
ଶ 
Because ܴ ൒ െ݊ܥ଴.Hence, since ݃ሺ0ሻ ൑ ݁ଶ஼బఛ݃ሺ߬ሻ for߬ א ሾ0, ߬ሿ we get  
݀௚ሺ଴ሻଶ ൫݌, ߛሺ߬ሻ൯ ൑ ݁ଶ஼బఛ ቌන ฬ
߲ߚ
߲ߪ
ሺߪሻฬ
௚ቆఙ
మ
ସ ቇ
݀ߪ
ଶ√ఛ
଴
ቍ
ଶ
൑ ݁ଶ஼బఛ2√߬ න ฬ
߲ߚ
߲ߪ
ሺߪሻฬ
௚ቆఙ
మ
ସ ቇ
ଶ
݀ߪ ൑ 2√߬݁ଶ஼బఛ ൬ࣦሺߛሻ ൅
2݊ܥ଴
3 ߬
ଷ
ଶ൰ 
ଶ√ఛ
଴
 
ii) by taking ߬ ൌ ߬ in proof of i) we get  
1
2√߬
න ฬ
߲ߚ
߲ߪ
ሺߪሻฬ
௚ቆఙ
మ
ସ ቇ
ଶ
݀ߪ
ଶ√ఛ 
଴
൑
1
2√߬
ࣦሺߛሻ ൅
݊ܥ଴
3 ߬ 
Now with using the mean value Theorem for integrals, There exists ݐכ א ሺ0, ߬ሻsuch that  
ฬ
߲ߚ
߲ߪ
ሺߪכሻฬ
௚ሺఛכሻ
ଶ
൑
1
2√߬
ࣦሺߛሻ ൅
݊ܥ଴
3
߬ 
 
iii)  Let ߟ: ሾ0,2√߬ሿ ՜ ܯ be a minimal geodesic from ݌ to ݍ with respect to metric ݃ሺ߬ሻ.Then 
because on ݃ሺ߬ሻ we have  
2√߬ܮሺߛሺ߬ሻ, ߬ሻ ൌ 2√ࣦ߬൫ߛ|ሾ଴,ఛሿ൯ ൌ
߬
߬ ݀௚ሺఛሻ
ଶ ሺ݌, ݍሻ 
So  
ܮሺݍ, ߬ሻ ൑ ࣦሺߟሻ ൌ න ቆ
ߪଶ
4 ܴ ቆߟ
ሺߪሻ,
ߪଶ
4 ቇ ൅ ฬ
݀ߟ
݀ߪฬ௚ሺఛሻ
ଶ
ቇ
ଶ√ఛ
଴
݀ߪ ൑ න ቆ
݊ܥ଴ߪଶ
4 ൅ ݁
ଶ஼బఛ ฬ
݀ߟ
݀ߪฬ௚ሺఛሻ
ଶ
ቇ
ଶ√ఛ
଴
݀ߪ
൑
2݊ܥ଴
3
߬
ଷ
ଶ ൅
݁ଶ஼బఛ
2√߬
݀௚ሺఛሻ
ଶ ሺ݌, ݍሻ 
So proof is complete■  
the ࣦ-Jacobi equation :consider a family ߛሺ߬, ݑሻ of ࣦ-geodesics parameterized by ݏ and defined 
on ሾ߬ଵ, ߬ଶሿwith 0 ൑ ߬ଵ ൑ ߬ଶ .Let ܻሺ߬ሻ be a vector field along ߛ defined by  
ܻሺ߬ሻ ൌ
߲
߲ݏ
ߛሺ߬, ݏሻฬ
௦ୀ଴
 
Now from second variation Theorem we obtain ܻሺ߬ሻsatisfies the ࣦ െJacobi equation 
ߘ௑ߘ௑ܻ ൅ ܴሺܻ, ܺሻܺ െ
ଵ
ଶ
ߘ௒ሺߘܴሻ ൅
ଵ
ଶఛ
ߘ௑ܻ ൅ 2ሺߘ௒ܴ݅ܿሻሺܺ, . ሻ ൅ 2ܴ݅ܿሺߘ௑ܻ, . ሻ ൌ 0   (2.13) 
This is a second –order linear equation for ܻ .supposing that ߬ଵ ൐ 0 ,there is a unique vector 
field Y along ߛ solving this equation ,vanishing at ߬ଵ with a given first-order derivative along ߛ 
at ߬ଵ.similarly ,there is a unique solution Y to this equation ,vanishing at ߬ଶ and with a given 
first order derivative at ߬ଶ . 
Definition 2.3 a field ܻሺ߬ሻalong an ࣦ െgeodesic is called an  ࣦ െjacobi field if it satisfies the  
ࣦ െjacobi equation ,equation (2.13) ,and if it vanishes at ߬ଵ. 
Notation: for every vector field Y along ߛ we denote by ܬܽܿሺܻሻthe expression on the left-hand 
side of equation(2.13) . 
In one of remarks we considered that the vector limఛ՜଴ √߬ܺሺ߬ሻ exists .Now we give a similar 
result even for ߬ଵ ൌ 0. 
Lemma2.5 let ߛ be an  ࣦ െ ݃݁݋݀݁ݏ݅ܿ defined on ሾ0, ߬ଶሿ and let ܻሺ߬ሻ  be an ࣦ െJacobi field 
along ߛ .Then limఛ՜଴ √߬׏ଡ଼ܻ exists ,furthermore , ܻሺ߬ሻ  is completely determined by this limit . 
Remark 2.6 we can consider that the bilinear pairing  
െ න 2√߬ۃܬܽܿሺ ଵܻሻ, ଶܻۄ݀߬
ఛమ
ఛభ
 
Is a symmetric function of ଵܻ and ଶܻ .(here we assume that ଵܻሺ߬ଶሻ ൌ ଶܻሺ߬ଶሻ ൌ 0and ߛ is an 
ࣦ െ ݃݁݋݀݁ݏ݅ܿ and ଵܻ, ଶܻ are vector fields along ߛ vanishing at ߬ଵ ) . 
Estimate the Hessian of the  ख െ distance functions 
Here we give an inequality for the hessian of ࣦ involving the integral of the vector field along. 
Let ߛ: ሾ0, ߬ሿ ՜ ܯ be an ࣦ െshortest curve connecting ݌ and ݍ .we fix a vector ܻ at ߬ ൌ ߬ with 
|ܻ|௚೔ೕሺఛሻ ൌ 1,and extend ܻ along the  ࣦ െshortest geodesic ߛ on ሾ0, ߬ሿ by solving the following 
ODE 
׏ଡ଼ܻ ൌ െܴ݅ܿሺܻ, . ሻ ൅
ଵ
ଶఛ
ܻ.    (2.14) 
Lemma2.6 (Perelman) suppose ሼ ଵܻ, ଶܻ, … ௡ܻሽ  is an orthonormal basis at ߬ ൌ ߬  with respect to 
metric ݃௜௝ሺ߬ሻ and solve for ܻሺ߬ሻ in the equation (2.14), then ሼ ଵܻሺ߬ሻ, ଶܻሺ߬ሻ, … ௡ܻሺ߬ሻሽremains 
orthogonal on ሾ0, ߬ሿ and  
ۃ ௜ܻሺ߬ሻ, ௝ܻሺ߬ሻۄ ൌ
߬
߬
ߜ௜௝ 
Proof according to (2.6) and (2.14) we get  
݀
݀߬
ۃ ௜ܻ, ௝ܻۄ ൌ 2ܴ݅ܿ൫ ௜ܻ, ௝ܻ൯ ൅ ۃ׏ଡ଼ ௜ܻ, ௝ܻۄ ൅ ۃ ௜ܻ, ׏ଡ଼ ௝ܻۄ 
 
ۃ ௜ܻሺ߬ሻ, ௝ܻሺ߬ሻۄ ൌ
߬
߬ ߜ௜௝ ฺ
|ܻሺ߬ሻ|ଶ ൌ
߬
߬ 
So ሼ ଵܻሺ߬ሻ, ଶܻሺ߬ሻ, … ௡ܻሺ߬ሻሽ remains orthogonal on ሾ0, ߬ሿ with ௜ܻሺ0ሻ ൌ 0 ,݅ ൌ 0,1, … , ݊. So proof is 
complete■  
The main result of this sub section is following Theorem from Perelman. 
Theorem2.6 (Perelman[6]) suppose that |ܻ|௚೔ೕሺఛሻ ൌ 1 at any point ݍ א ܯ ,consider an 
ࣦ െshortest geodesic ߛ connecting ݌ to ݍ and extend ܻ along ߛ by solving (2.14) .So the Hessian 
of the ࣦ െdistance function ܮ on M with ߬ ൌ ߬  satisfies  
ܪ݁ݏݏ௅ሺܻ, ܻሻ ൑
ଵ
√ఛ
െ 2√ܴ߬݅ܿሺܻ, ܻሻ െ ׬ √߬ܳሺܺ, ܻሻ݀߬
ఛ 
଴    (2.15) 
Where 
 ܳሺܺ, ܻሻ ൌ െ׏ଢ଼׏ଢ଼ܴ െ 2ۃܴሺܻ, ܺሻܻ, ܺۄ െ 4׏ଡ଼ܴ݅ܿሺܻ, ܻሻ ൅ 4׏ଢ଼ܴ݅ܿሺܻ, ܺሻ െ 2ܴ݅ܿఛሺܻ, ܻሻ ൅
2|ܴ݅ܿሺܻ, . ሻ|ଶ െ ଵ
ఛ
ܴ݅ܿሺܻ, ܻሻ 
is the Li-Yau-Hamilton quadratic. 
Proof according to the definition ܪ݁ݏݏ௅ሺܻ, ܻሻ we have 
ܪ݁ݏݏ௅ሺܻ, ܻሻ ൌ ܻ൫ܻሺܮሻ൯ሺ߬ሻ െ ۃ׏ଢ଼ܻ, ׏ܮۄሺ߬ሻ    (2.16) 
also ܻ൫ܻሺܮሻ൯ሺ߬ሻ ൌ ߜ௒ଶሺܮሻ ൑ ߜ௒ଶሺࣦሻ .and ׏ܮሺݍ, ߬ሻ ൌ 2√߬ܺ. So ۃ׏ଢ଼ܻ, ׏ܮۄ ൌ 2√߬ۃ׏ଢ଼ܻ, Xۄ 
.Therefore from (2.16)  
ܪ݁ݏݏ௅ሺܻ, ܻሻ ൑ ߜ௒ଶሺࣦሻ െ 2√߬ۃ׏ଢ଼ܻ, Xۄሺ߬ሻ    (2.17) 
So from second variation formula and (2.17) we get 
ܪ݁ݏݏ௅ሺܻ, ܻሻ ൑ න √߬ሾ2|׏ଡ଼ܻ|ଶ ൅ 2ۃܴሺܻ, ܺሻܻ, ܺۄ ൅ ׏ଢ଼׏ଢ଼ܴ ൅ 2׏ଡ଼ܴ݅ܿሺܻ, ܻሻ െ 4׏ଢ଼ܴ݅ܿሺܻ, ܺሻሿ
ఛ
଴
݀߬ 
 
ൌ න √߬ ቈ2 ฬെRicሺY, . ሻ ൅
1
2τ Yฬ
ଶ
൅ 2ۃܴሺܻ, ܺሻܻ, ܺۄ ൅ ׏ଢ଼׏ଢ଼ܴ ൅ 2׏ଡ଼ܴ݅ܿሺܻ, ܻሻ
ఛ
଴
െ 4׏ଢ଼ܴ݅ܿሺܻ, ܺሻ൨ ݀߬ 
 
So because |ܻ|ଶ ൌ 1 we get  
ฬെRicሺY, . ሻ ൅
1
2τ Yฬ
ଶ
ൌ |ܴ݅ܿሺܻ, . ሻ|ଶ െ
1
߬ ܴ݅ܿ
ሺܻ, ܻሻ ൅
1
4߬߬ 
so   
ܪ݁ݏݏ௅ሺܻ, ܻሻ ൑ න √߬ ൤2|ܴ݅ܿሺܻ, . ሻ|ଶ െ
2
߬ ܴ݅ܿ
ሺܻ, ܻሻ ൅
1
2߬߬ ൅ 2
ۃܴሺܻ, ܺሻܻ, ܺۄ ൅ ׏ଢ଼׏ଢ଼ܴ
ఛ
଴
൅ 2׏ଡ଼ܴ݅ܿሺܻ, ܻሻ െ 4׏ଢ଼ܴ݅ܿሺܻ, ܺሻ൨ ݀߬ 
also because  
݀
݀߬
ܴ݅ܿሺܻ, ܻሻ ൌ
߲
߲߬
ܴ݅ܿሺܻ, ܻሻ ൅ ߘ௑ܴ݅ܿሺܻ, ܻሻ ൅ 2ܴ݅ܿሺߘ௑ܻ, ܻሻ 
 
and from (2.14) 
݀
݀߬
ܴ݅ܿሺܻ, ܻሻ ൌ
߲
߲߬
ܴ݅ܿሺܻ, ܻሻ ൅ ߘ௑ܴ݅ܿሺܻ, ܻሻ െ 2|ܴ݅ܿሺܻ, . ሻ|ଶ ൅
1
߬
ܴ݅ܿሺܻ, ܻሻ 
therefore we have  
ܪ݁ݏݏ௅ሺܻ, ܻሻ ൑ න √߬ ൥2|ܴ݅ܿሺܻ, . ሻ|ଶ െ
2
߬ ܴ݅ܿ
ሺܻ, ܻሻ ൅
1
2߬߬ ൅ 2
ۃܴሺܻ, ܺሻܻ, ܺۄ ൅ ׏ଢ଼׏ଢ଼ܴ
ఛ
଴
െ 4ሺ׏ଢ଼ܴ݅ܿሻሺܻ, ܻሻ
െ ൭2
݀
݀߬ ܴ݅ܿ
ሺܻ, ܻሻ െ 2
߲
߲߬ ܴ݅ܿ
ሺܻ, ܻሻ ൅ 4|ܴ݅ܿሺܻ, . ሻ|ଶ െ
2
߬ ܴ݅ܿ
ሺܻ, ܻሻ൱
൅ 4׏ଡ଼ܴ݅ܿሺܻ, ܻሻ൩ ݀߬
ൌ െ න ൤2√߬
݀
݀߬
ܴ݅ܿሺܻ, ܻሻ ൅
1
√߬
ܴ݅ܿሺܻ, ܻሻ൨ ݀߬ ൅
1
2߬
ఛ
଴
න
1
√߬
ఛ
଴
݀߬ ൅ 
 
൅ න √߬ ൤2ۃܴሺܻ, ܺሻܻ, ܺۄ ൅ ׏ଢ଼׏ଢ଼ܴ ൅
1
߬ ܴ݅ܿ
ሺܻ, ܻሻ ൅ 4׏ଡ଼ܴ݅ܿሺܻ, ܻሻ െ ׏ଢ଼ܴ݅ܿሺܺ, ܻሻ  
ఛ
଴
൅
2߲ܴ݅ܿ
߲߬
ሺܻ, ܻሻ െ 2|ܴ݅ܿሺܻ, . ሻ|ଶ൨ ݀߬ ൌ
1
√߬
െ 2ඥܴ߬݅ܿሺܻ, ܻሻ െ න √߬ܳሺܺ, ܻሻ݀߬
ఛ 
଴
 
So proof is complete■  
Theorem2.7 (Perelman[8]) suppose that ܭ ൌ ׬ ߬
య
మܪሺܺሻ݀߬ఛ଴  then we have  
∆ܮ ൑
݊
√߬
െ 2ඥܴ߬ െ
1
߬ ܭ 
Proof  let  ሼ ଵܻ, ଶܻ, … ௡ܻሽ be an orthonormal basis at ߬ ൌ ߬ and with extend them along the 
shortest  ࣦ െgeodesic ߛ and taking ܻ ൌ ௜ܻ in (2.15)and summing over ݅ ,we obtain  
෍ ܪ݁ݏݏ௅ሺ ௜ܻ, ௜ܻሻ ൑
݊
√߬
െ 2ඥܴ߬ െ ෍ න √߬ܳሺܺ, ௜ܻሻ
ఛ
଴
௡
௜ୀଵ
݀߬ 
But we know                          ∆ܮ ൌ ∑ ܪ݁ݏݏሺܮሻሺ ௜ܻ, ௜ܻሻ௜  
So                                                     ∆ܮ ൑ ௡
√ఛ
െ 2√ܴ߬ െ ∑ ׬ √߬ܳሺܺ, ௜ܻሻ
ఛ
଴
௡
௜ୀଵ ݀߬   (2.18) 
Now we prove∑ ܳሺܺ, ܻ݅ሻ ൌ
߬
߬
ܳሺܺሻ௜ .We know ۃܻ݅ሺ߬ሻ, ܻ݅ሺ߬ሻۄ ൌ
߬
߬
ߜ݆݅ so ቊට
ఛ
ఛ ௜ܻ
ሺ߬ሻቋis an 
orthonormal basis at ߬ .also 
෍ ܳሺܺ, ܻ݅ሻ ൌ െ
߬
߬
∆ܴ ൅ 2
௜
߬
߬
ܴ݅ܿሺܺ, ܺሻ െ 4
߬
߬
ۃߘܴ, ܺۄ ൅ 4
߬
߬
෍ ߘܻܴ݅݅ܿሺܻ݅, ܺሻ
݅
െ 2
߬
߬
෍ ܴ݅ܿ߬ሺܻ݅, ܻ݅ሻ
݅
൅ 2
߬
߬
෍|ܴ݅ܿሺܻ݅, . ሻ|2 െ
1
߬
෍ ܴ݅ܿሺܻ݅, ܻ݅ሻ
݅݅
 
Tracing the second Bianchi identity gives  
෍ ׏௒೔ܴ݅ܿሺ ௜ܻ, ܺሻ
௜
ൌ
1
2
ۃ׏ܴ, ܺۄ 
Also according to following identity  
ܴ݅ܿఛሺܻ, ܻሻ ൌ ൫׏ܴ௜௝൯ܻ௜ܻ௝ ൅ 2ܴ௜௞௝௟ܴ௞௟ܻ௜ܻ௝ െ 2ܴ௜௞ ௝ܴ௞ܻ௜ܻ௝we get ∑ ܴ݅ܿఛሺ ௜ܻ, ௜ܻሻ ൌ ∆ܴ௜  
Putting this together gives 
∑ ܳሺܺ, ܻ݅ሻሺ߬ሻ ൌ
߬
߬
ܳሺܺሻ௜       (2.19) 
where ܳሺܺሻ ൌ െ డோ
డఛ
െ ଵ
ఛ
ܴ െ 2ۃ׏ܴ, ܺۄ ൅ 2ܴ݅ܿሺܺ, ܺሻ 
so from (2.18),(2.19) we get  
∆ܮ ൑
݊
√߬
െ 2ඥܴ߬ െ න √߬
ఛ
଴
ቀ
߬
߬ቁ ܳ
ሺܺሻ݀߬ 
                                                    ൌ ௡
√ఛ
െ 2√ܴ߬ െ ଵ
ఛ
ܭ. 
Corollary2.2 we have 
ܪ݁ݏݏ௅ሺܻ, ܻሻ ൌ
1
√߬
െ 2ඥܴ߬݅ܿሺܻ, ܻሻ െ න √߬
ఛ
଴
ܳሺܺ, ܻሻ݀߬ 
If and only if  ܻሺ߬ሻ, ߬ א ሾ0, ߬ሿ , is an ࣦ െJacobian field  
Proposition 2.2(see[8])we have  
∆ܮ ൌ
݊
√߬
െ 2ඥܴ߬ െ
1
߬
ܭ 
if and only if we are on a gradient shrinking soliton with 
ܴ௜௝ ൅
1
2√߬
ߘ௜ߘ௝ܮ ൌ
1
2߬
݃௜௝ 
Proof when ௜ܻሺ߬ሻ ݅ ൌ 1, … , ݊ are ࣦ െJacobian fields along ߛ ,we have  
݀
݀߬
ۃ ௜ܻሺ߬ሻ, ௝ܻሺ߬ሻۄ ൌ 2ܴ݅ܿ൫ ௜ܻ, ௝ܻ൯ ൅ ۃ׏ଡ଼ ௜ܻ, ௝ܻۄ ൅ ۃ ௜ܻ, ׏ଡ଼ ௝ܻۄ 
But ׏ܮ ൌ 2√߬ܺ so ܺ ൌ  ׏௅
ଶ√ఛ
  therefore  
݀
݀߬
ۃ ௜ܻሺ߬ሻ, ௝ܻሺ߬ሻۄ ൌ 2ܴ݅ܿ൫ ௜ܻ, ௝ܻ൯ ൅ ۃ׏௒೔ ൬
 ׏ܮ
2√߬
  ൰ , ௝ܻۄ ൅ ۃ ௜ܻ, ׏௒ೕ ൬
 ׏ܮ
2√߬
  ൰ۄ 
                                                 ൌ 2ܴ݅ܿ൫ ௜ܻ, ௝ܻ൯ ൅
 ଵ
√ఛ
ܪ݁ݏݏ௅൫ ௜ܻ, ௝ܻ൯  
but we know ۃ ௜ܻሺ߬ሻ, ௝ܻሺ߬ሻۄ ൌ
ఛ
ఛ
ߜ௜௝ so from last equality we get  
ܴ௜௝ ൅
1
2√߬
ߘ௜ߘ௝ܮ ൌ
1
2߬ ݃௜௝ 
Also the vice versa of proof is obvious .so proof is complete ■  
Li-Yau-Perelman distance 
We introduce the Li-Yau-Perelman distance both on the tangent space and on space-time .The 
reason that the Li-Yau-Perelman distance ݈ ൌ ݈ሺݍ, ߬ሻ is easier to work with is that it is scale 
invariant when ߬ଵ ൌ 0 . 
Definition2.4 The Li-Yau-Perelman distance ݈ ൌ ݈ሺݍ, ߬ሻ is defined by  
݈ ൌ ݈ሺݍ, ߬ሻ ൌ
 ܮሺݍ, ߬ሻ
2√߬
 
So in summary if we write the Perelman works on ݈ that we proved in previous theorem, we get 
the following theorem. 
Theorem2.8 (Perelman [8]) For the Li-Yau-Perelman distance ݈ሺݍ, ߬ ሻ we have 
a) )డ௟
డఛ
ൌ െ ௟
ఛ
൅ ܴ ൅ ଵ
ଶఛ
య
మ
ܭ 
b) |׏݈|ଶ ൌ െܴ ൅ ௟
ఛ
െ ଵ
ଶఛ
య
మ
ܭ  
c) ∆݈ ൑ െܴ ൅ ௡
ଶఛ
െ ଵ
ଶఛ
య
మ
ܭ  
Now we get the upper bound on the minimum of  ݈ሺ. , ߬ሻ for every ߬  
Lemma 2.7(see[4]) ݉݅݊௫אெ ݈ሺ. , ߬ሻ ൑
௡
ଶ
 for every ߬  . 
Proof. We know  
1).డ௅
డఛ
ൌ 2√ܴ߬ െ ଵଶఛ ܮ ൅
ଵ
ఛ
ܭ 
2). ∆ܮ ൑ ௡
√ఛ
െ 2√ܴ߬ െ ଵఛ ܭ  
3). |ߘܮ|ଶ ൌ െ4ܴ߬ ൅ ଶ
√ఛ
ܮ െ ସ
√ఛ
ܭ 
So 1,2 and 3 gives us  
߲݈
߲߬ െ  ∆݈ ൅
|ߘ݈|ଶ െ ܴ ൅
݊
2߬ ൑ 0 
 
Also 2 and 3 gives us  
2∆݈ െ |ߘ݈|ଶ ൅ ܴ ൅
݈ െ ݊
߬
൑ 0 
Let ܮ ൌ 2√߬ܮ .Therefore 1 and 2 gives us  
߲ܮ
߲߬ ൅ ∆ܮ ൑ 2݊ 
So                                           డ൫௅ିଶ௡ఛ൯
డఛ
൅ ׏൫ܮ െ 2݊߬൯ ൑ 0 . 
Thus, by a standard maximum principle argument, ݉݅݊൛ܮሺݍ, ߬ሻ െ 2݊߬หݍ א ܯൟ is non-increasing 
and therefore  ݉݅݊൛ܮሺݍ, ߬ሻหݍ א ܯൟ ൑ 2݊߬,so ݈݉݅݊ሺ. , ߬ሻ ൑ ௡
ଶ
.  
Estimates on Li-Yau-Perelman distance 
Proposition2.3 if the metrics ݃௜௝ሺ߬ሻhave non-negative curvature operator and if the flow exists 
for ߬ א ሾ݋, ߬଴ሿ ,Then  
|׏݈|ଶ ൅ ܴ ൑
݈ܿ
߬  
For some constant ܿ,when ever ߬ is bounded away from ߬଴ ,say ߬ ൑ ሺ1 െ ܿሻ߬଴ ,where ܿ ൐ 0 . 
Lemma2.8 (Perelman[14]) if we have a Ricci flow డ௚೔ೕ
డఛ
ൌ 2ܴ௜௝ , then ܴሺ. , ߬ሻ ൒ െ
௡
ଶሺఛିఛሻ
 whenever 
the flow exists for ߬ א ሾ0, ߬ሿ . 
Proof .We know డோ
డఛ
ൌ െ∆ܴ െ 2|ܴ݅ܿ|ଶ.Look at the corresponding ODE, డோ
డఛ
ൌ െ2|ܴ݅ܿ|ଶ 
.Sinceܴ ൌ ݐݎሺܴ݅ܿሻ, |ܴ݅ܿ|ଶ ൒ ଵ
௡
ܴଶand therefore ,െ2|ܴ݅ܿ|ଶ ൑ ିଶ|ோ|
మ
௡
, i.e .డோ
డఛ
൑ ିଶ|ோ|
మ
௡
 .By solving 
this equation we get that the set ܴሺ. , ߬ሻ ൒ െ ௡
ଶሺఛబିఛሻ
 is preserved by the ODE and therefore it is 
preserved by the corresponding PDE. 
Corollary2.3 For every߬ ൐ 0,׌ݍ א ܯ and ׌ࣦ െgeodesic ߛ: ሾ0, ߬ሿ ՜ ܯ, ߛሺ0ሻ ൌ ݌ and ߛሺ߬ሻ ൌ ݍ 
such that  ࣦሺߛሻ ൑ ݊√߬ . 
We proved minఛவ଴ ݈ሺ. , ߬ሻ ൑
௡
ଶ
 .An analogy with this ideas can be found in the original proof of 
the Harnack inequality given by Li and Yau .They proved that ,under the assumption ܴ݅ܿሺܯሻ ൒
െ݇,a positive solution of the heat equation ቀ డ
డ௧
൅ ∆ቁ ݑ ൌ 0, satisfies the gradient estimate 
|௚௥௔ௗ௨|మ
௨మ
െ ௨೟
௧
൑ ௡
ଶ௧
 .Along the proof of this fact ,they define the function ܨሺݔ, ݐሻ ൌ ݐሺ|݃ݎ݂ܽ݀|ଶ െ
௧݂ሻ . 
Now we give a short review Rugang Ye works on estimates for reduced lengths ,that is important 
for the applications to have results on the Lipschitz properties on ݈ or ܮ. 
Proposition2.4(see[12]) Let ߬ א ሺ0, ܶሻ.Assume that ܴ݅ܿ ൒ െܿ݃ on ሾ0, ߬ሿ for a non-negative 
constant ܥ.Then ܮሺ. , ߬ሻ is locally Lipschitz with respect to the metric ݃ሺ߬ሻ for each ߬ א
ሺ0, ߬ሿ.Moreover ,for each compact subset ܧ ݋݂ ܯ,There are positive constants ܣଵ ܽ݊݀ ܣଶ such 
that √߬ܮ ൑ ܣଵ on ܧ ൈ ሺ0, ߬ሿ and  
|ߛሶሺݏሻ|ଶ ൑
ܣଶ
ݏ
൬1 ൅
1
߬
൰ 
For ݏ א ሺ0, ߬ሿ,where ߬ א ሺ0, ߬ሿ and ߛ denotes an arbitrary ࣦ଴,ఛ െgeodesic from ݌ to ݍ א ܧ 
,where we denote  
ࣦ௔,௕ሺߛሻ ൌ න ൬
1
2
|ߛԢ|ଶ ൅ 2ܴݐଶ൰ ݀ݐ
√௕
√௔
 
Proposition2.5(see[1]) assume that the Ricci curvature is bounded from below on ሾ0, ߬ሿ. Then 
ܮሺݍ, . ሻ is locally Lipschitz on ሺ0, ߬ሿ for every ݍ א ܯ .Moreover ,߬
య
మ ቚడ௅
డఛ
ቚ is bounded on ܧ ൈ ሺ0, ߬ሿ 
for each compact subset ܧ of ܯ.  
Proposition2.6 assume that the Ricci curvature is bounded from below on ሾ0, ߬ሿ .Then ܮ is 
locally lipschitz function on ܯ ൈ ሺ0, ߬ሿ. 
Also similar estimates for ݈ hold in the case of bounded sectional curvature. 
Proposition2.7(see[1]) Assume that the sectional curvature is bounded on ሾ0, ߬ሿ .Then there is a 
positive constant ܿ ൌ ܿሺ߬כሻ for every ߬כ א ሺ0, ߬ሻ with the following properties .For each 
߬ א ሺ0, ߬כሿ we have  
|׏݈|ଶ ൑
ܿ
߬ ሺ݈ ൅ ߬ ൅ 1ሻ 
Almost everywhere in M .For each ݍ א ܯ we have  
ฬ
∂݈
∂߬ฬ ൑
ܿ
߬ ሺ݈ ൅ ߬ ൅ 1ሻ 
Almost everywhere in ሺ0, ߬כሿ. 
Perelman’s reduced Volume 
 
The Perelman reduced volume is the fundamental tool which is used to establish non-
collapsing results which in turn are essential in proving the existence of geometric limits. 
Note that reduced volume cannot be defined globally, but only on appropriate open 
subsets of a time-slice .But as long as one can flow an open set ܷ of a time-slice along 
minimizing ࣦ െgeodesics in the direction of decreasing߬, the reduced volumes of resulting 
family of open sets form a monotone non-increasing function of ߬. This turns out to be sufficient 
to extend the non-increasing results to Ricci flow with surgery .Note that Perelman’s reduced 
volume resembles the expression in Huisken’s monotonicity formula for the mean curvature flow. 
In this section we show that the reduced volume is monotonically no increasing in  ߬ and is 
finite. 
Definition2.5 Given a solution of the backward Ricci flow, the reduced volume function is 
defined as 
෨ܸ ሺ߬ሻ ൌ න ߬
ି௡
ଶ ݁ݔ݌ ሺെ݈ሺݍ, ߬ሻሻ݀ݍ
ெ
 
being ݀ݍ the volume form of ݃ሺ߬ሻ. 
Notice that the integrand is the heat kernel in the Euclidean space .In next propositions 
we summarize the main properties of this function. 
Remark2.1(see[13]) notice that ሺ4ߨሻ
೙
మ ൌ ׬ ߬
ష೙
మ ݁ݔ݌ ሺെ݈ሺݍ, ߬ሻሻ݀ݍெ , which is the same 
integral of the reduced function, but in the Euclidean space.   
Proof. Change of variable ݏ ൌ √߬ ,ௗఊௗఛ ൌ
ଵ
ଶ√ఛ
ௗఊ
ௗ௦
 ,݀߬ ൌ 2ݏ݀ݏ and minimize over ߛ such that 
ߛሺ0ሻ ൌ ݌, ߛሺݏሻ ൌ ݍ.Then we get ܮሺݍ, ݏሻ ൌ ଵ
ଶ
ௗሺ௣,௤ሻమ
௦
, ܮሺݍ, ߬ሻ ൌ ଵ
ଶ
ௗሺ௣,௤ሻమ
√ఛ
and so ݈ሺݍ, ߬ሻ ൌ ଵ
ସ
ௗሺ௣,௤ሻమ
ఛ
, 
therefore we get ෨ܸ ሺ߬ሻ ൌ ׬ ߬
ష೙
మ ݁ି
|೜|మ
రഓ
ோ೙ ݀ݍ ൌ ሺ4ߨሻ
೙
మ constant in ߬.  
In the case when ܯ is non-compact, it is not clear a priori that the integral defining the 
reduced volume is finite in general. 
In fact, as the next Propositions shows, it is always finite and indeed, it is bounded above 
by the integral for ܴ௡.  
Theorem2.9 (Perelman [5]) the reduced volume 
෨ܸ ሺ߬ሻ ൌ න ߬
ି௡
ଶ ݁ݔ݌ ሺെ݈ሺݍ, ߬ሻሻ݀ݍ
ெ
 
is non-increasing along the backward Ricci flow.      
 
Proof .By applying previous Propositions we know 
   డ௟
డఛ
ൌ ܴ െ ௟
ఛ
൅ ଵ
ଶఛ
య
మ
ܭ   (2.21) 
|׏݈|ଶ ൌ െܴ ൅ ௟
ఛ
െ ଵ
ఛ
య
మ
ܭ   (2.22) 
So we get                                         
డ௟
డఛ
൅ |׏݈|ଶ ൌ ି௄
ఛ
య
మ
       (2.23) 
But we know                             ∆ܮ|ఛ ൑
௡
√ఛ
െ 2√ܴ߬ െ ଵ
ఛ
ܭ    (2.24) 
So from (2.23) and (2.24) we arrive 
 
߲݈
߲߬ െ  ∆݈ ൅
|ߘ݈|ଶ െ ܴ ൅
݊
2߬ ൒ 0 
Let ߶ ൌ ߬
ష೙
మ exp ሺെ݈ሻ .Then   
߶ఛ ൌ ൬
െ݊
2߬ െ
߲݈
߲߬൰ ߶ 
                                                                   ൑ ሺെ ∆݈ ൅ |ߘ݈|ଶ െ ܴሻ߶ 
                                                                   ൌ Δ߶ െ ܴ߶ 
 
This means that we have proved the following inequality  
 
߶ఛ െ Δ߶ ൅ ܴ߶ ൑ 0 
Therefore we get  
݀
݀߬
෩ܸሺ߬ሻ ൌ න ሺ߶ఛ ൅ ܴ߶ሻ݀ݍ
ࡹ
൑ න ∆߶݀ݍ ൌ 0
ࡹ
 
So ෨ܸ ሺ߬ሻ is non-increasing ■  
Note that equality hold if and only if ݃ is a Ricci soliton. 
 
Definition2.6 the ࣦ െexponential map ࣦexp : ௉ܶܯ ൈ ܴା ՜ ܯ is defined as follows:׊ܺ א ௉ܶܯ 
let: 
ࣦexp௑ሺ߬ሻ ൌ ߛሺ߬ሻ 
Where ߛሺ߬ሻ is the ࣦ െgeodesic, starting at ݌ and having ܺ as the limit of √߬ߛሶ  (߬ ܽݏ ߬ ՜ 0). 
Denote by ࣤሺ߬ሻthe jacobian of ࣦ expሺ߬ሻ : ௉ܶܯ ՜ ܯ .Finally, we have that ෨ܸ ሺ߬ሻ ൌ
׬ ߬
ష೙
మ ݁ݔ݌ ሺെ݈ሺ߬ሻሻࣤሺ߬ሻ௎ؿ ೛்ெ ݀ܺ.Where ܷ ൌ ఛܷ ൌ ሼݔ א ܯ|߬ ൑ ߬ሺݔሻሽ and 
ሺݔሻ ൌ ݏݑ݌ሼ߬|ߛሺ߬ሻ is a minimizing geodesicሽ .  
 
In next theorem we summarize the main properties of function  
 
Theorem2.10. (see [1]): 
1) If ܴ݅ܿ is bounded from below on ሾ0, ߬ሿ for each ߬, then ෨ܸ ሺ߬ሻ is a non-increasing function. 
2) If we assume that at least one of the following conditions hold   
a) ܴ݅ܿ is bounded on ሾ0, ߬ሿ  for all ߬ .  
b) The curvature operator is non-negative for each ߬   
Then ෨ܸ ሺ߬ሻ ൑ ሺ4ߨሻ
݊
2 for all ߬ . 
3) If we assume that either  
a) ܴ݉ is non-negative  
b) The sectional curvature is bounded on ሾ0, ߬ሿ for all ߬  
Then we have the following equality  
෨ܸ ሺ߬ଶሻ െ ෨ܸሺ߬ଵሻ ൌ െ ׬ ׬ ቀ
డ௟
డఛ
െ ܴ ൅ ௡
ଶఛ
ቁெ
ఛమ
ఛభ
݁ି௟߬
ష೙
మ ݀ݍ݀߬. 
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